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Abstract 



The left quotient ring (i.e. the left classical ring of fractions) Q c i(R) of a ring R does 
not always exist and still, in general, there is no good understanding of the reason why this 
happens. In this paper, it is proved existence of the largest left quotient ring Qi(R), i.e. 
Qi(R) — So(R)~ 1 R where So(R) is the largest left regular denominator set of R. It is proved 
that Qi(Qi(R)) = Qi(R); the ring Qi(R) is semi-simple iff Q c i(R) exists and is semi-simple; 
moreover, if the ring Qi(R) is left artinian then Q c i{R) exists and Qi(R) = Q c i{R). The group 
of units Qi(R)* of Qi(R) is equal to the set {s~ 1 t \s,t £ S {R)} and S {R) = R n Qi(R)*. 
If there exists a finitely generated flat left R- module which is not projective then Qi(R) is 
not a semi-simple ring. We extend slightly Ore's method of localization to locahzable left Ore 
sets, give a criterion of when a left Ore set is locahzable, and prove that all left and right 
Ore sets of an arbitrary ring are locahzable (not just denominator sets as in Ore's method 
of localization). Applications are given for certain classes of rings (semi-prime Goldie rings, 
Noetherian commutative rings, the algebra of polynomial integro-differential operators). 

Key Words: the largest left quotient ring of a ring, the largest left (regular) denominator 
set of a ring, the classical left quotient ring of a ring, denominator set, the maximal left 
quotient rings of a ring. 
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1 Introduction 

The aim of the paper is to introduce the following new concepts and to prove their existence for 
an arbitrary ring: the largest left quotient ring of a ring, the largest left (regular) denominator set 
of a ring, the maximal left quotient rings of a ring, the largest (two-sided) quotient ring of a ring, 
the maximal (two-sided) quotient rings of a ring, a (left) localization maximal ring. 

Throughout, module means a left module; R is a ring with 1; Cr is the set of (left and 
right) regular elements of the ring R (i.e. Cr is the set of non-zero-divisors of R); Q c i(R) is the 
left quotient ring of R (if exists); Den;(i?, 0) is the set of regular left denominator sets S in R 



The largest left regular denominator set and the largest left quotient ring of a ring. 

• (Theorem 12. ip There exists the largest (w.r.t. inclusion) left regular denominators set Sq(R) 
in R and so Qi(R) := Sq(R)^ 1 R is the largest left quotient ring of R. 

• (Corollary |2.5l) The set Den;(i?,0) of left regular denominator sets of R is a complete lattice 
and an abelian monoid. 
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(S C Cr). 



The next theorem describes the group of units Qi(R)* of the ring Qi(R) and its connection 
with S (R). 

• (Theorem |ZS) 

1. S (Qi(R)) = Qi(R)* and S (Qi(R)) r\R = S a (R). 

2. Qi(R)* = (Sq(R), Sq(R)~ ), i.e. the group of units of the ring Qi(R) is generated by 
the sets S (#) and So(R)- 1 := {s" 1 | s G S (R)}. 

3. Qi(R)* ={s-H\s,t ESo(R)}. 

4. Qi(Qi(R)) = Qi{R). 

The next theorem gives an answer to the question of when the ring Qi(R) is semi-simple 
(Theorem 12.81 is a key step in proving Theorem 12. 91 statements 2-5 is Goldie's Theorem). 

• (Theorem 12.91) The following statements are equivalent. 

1. Qi(R) is a semi-simple ring. 

2. Qd(R) exists and is a semi-simple ring. 

3. R is a left order in a semi-simple ring. 

4. R has finite left rank, satisfies the ascending chain condition on left annihilators, and 
is a semi-prime ring. 

5. A left ideal of the ring R is essential iff it contains a regular element. 
If one of these conditions hold then So(-R) = Cr and Qi(R) = Q c i(R)- 

The next result is a sufficient condition for the ring Qi(R) not being a semi-simple ring. 

• (Corollarv l2.12[) If there exists a finitely generated flat R-module which is not projective then 
the ring Qi(R) is not semi-simple. 

The next corollary gives a sufficient condition for existing of Q c i(R)- 

• fCorollary |2.10p If Qi{R) is a left artinian ring then Sq(R) — Cr and Qi{R) = Q c i(R). 

Let Sq(R) and Q r (R) := RS^R) -1 be the largest regular right denominator set in R and 
the largest right quotient ring of R, respectively. In general, the following natural questions have 
negative answers as the algebra Ii := K(x, :r-,/) of polynomial integro-differential operators over 
a field K of characteristic zero demonstrates [2]: 

Question 1. Is S {R) = S%(R)? 

Question 2. Is S (R) C S 7 (R) or S (R) D S£{R)? 

Question 3. Are the rings Qi(R) and Q r {R) isomorphic? 

Though, for the algebra \\ the next question has positive answer [2j. 

Question 4- Are the rings Qi{R) and Q r (R) anti-isomorphic? 

Remark. The algebra Ii is neither left nor right Noetherian, it contains infinite direct sums of 
nonzero left (and right) ideals, neither left nor right quotient ring of Ii exists [3J. 

Notation: 

• Orc ; (i?) := {S | S is a left Ore set in R}; 

• Den;(i?) :— {S | S is a left denominator set in R}; 

• Loci(R) := {S^R \ S e Den ; (i?)}; 

• Ass;(i?) := {ass(S) | S G Den z (i?)} where ass(S) := {r G R\ sr = for some s = s(r) G S}; 
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• Den ; (i?, a) := {S G Den;(i?) | ass(S) = a} where a G Assi(R); 

• S a = S a (R) = Si ta (R) is the largest element of the poset (Den;(i?, a), C) and Q a (R) '■= 
Qi,a(R) := ^o -1 ^ is the largest left quotient ring associated to a, S a exists (Theorem l2.1l f2')'); 

• In particular, S a = S a (R) = 5; ; o(-R) is the largest element of the poset (Den ; (i?, 0), C) and 
Qi{R) := Sq^^R is the largest left quotient ring of R; 

• Lo Cl (R, o) := {S^R \ S G Den ; (i?, o)}. 

For each denominator set S G Den;(i?, a) where a := ass(S'), there are natural ring homomor- 
phisms R — »■ R/a — > 5 _1 i?.. In Section [31 connections between the denominator sets Den;(i?, a), 
Dcn;(i?/o, 0) and Den; (S~ 1 R, 0) are established (Lemma 13.21 Lemma [3~3l and Proposition 13.41 
these results are too technical to explain in the Introduction) . They are used to prove the follow- 
ing results. 

• (Lemma[33I(2)) Let a G Assi(R) andir : i? R/a, a i-4 a+a. Then 7r _1 (5 (-R/o)) = S a (fl), 
7r(S,(i2)) = S*o(i?/a) and Q a (R) = Qi(R/a). 

• (Lemma [221 (2)) The set max.Den;(_R) o/ maximal elements of the poset (Den;(i?),C) of left 
denominator sets of an arbitrary ring R is a non-empty set. 

This means that the set max.Locj(-R) of maximal left quotient rings of an arbitrary ring R is a 
non-empty set, and max.Loc;(i?) = {S~ 1 R | S G max.Den;(i?)}. 

Example. max.Dem(Ii) = {Ii\i r } (Proposition 15.81 (3)) where F is the only proper ideal 
of the algebra of polynomial integro-differential operators Ii and max.Locz(Ii) = {Frac(Ai)} 
(Proposition 15.81 (2)) where Frac(Ai) is the Weyl skew field, i.e. the classical (left and right) ring 
of fractions of the first Weyl algebra A\ = K(x, ■§-). 

A new class of rings is introduced, the class of left localization maximal rings, see Section [3] 
(intuitively, one can invert nothing more in these rings). For an arbitrary ring R, a criterion 
is given in terms of this class of rings of when a left localization S _1 R of R is a maximal left 
localization of R. 

• (Theorem 13. lip Let a ring A be a left localization of a ring R, i.e. A G Loc;(i?, a) for some 
a G Assi(R). Then A G max.Loc;(i?) iff Qi(A) = A and Ass/(A) = {0}, i.e. A is a left 
localization maximal ring. 

Example. Let V be an infinite dimensional vector space with countable basis over a field K , 
let C :={</? G Endif(^) | dirnK-(im((^)) < oo} be the ideal of compact operators/linear maps of 
the algebra Endif(y). Then the factor algebra Endjc(y)/C is a left localization maximal ring 
(Theorem 15. 21 (5)). Moreover, the set T of Frcdholm linear maps in V is the maximal left (resp. 
right; left and right) denominator set of the ring Endi^(y) and 

T^EndKiV) ~ EndKiV)?- 1 ~ End K (V)/C 

is the maximal left (resp. right; left and right) localization ring of Endx(V^) (Theorem 15. 2p . 

A slight extension/generalization of Ore's method of localization. Ore's method of 
left localization says that we can localize a ring R precisely at the left denominator sets Den; (i?) 
of the ring R. Notice that each left denominator set is a left Ore set but not the other way round, 
in general. We introduce the concept of a localizable left Ore set and give a criterion of when a 
left Ore set is localizable (Theorem 13. 15[) . Each left denominator set is a localizable left Ore set 
but not vice versa, in general. We extend Ore's method of localization to localizable left Ore sets 
and prove an analogue of Ore's Theorem (by using Ore's Theorem) for localizable left Ore sets. 
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• f Corollary 13. 16p Let S be a localizable left Ore set in a ring R. Then there exists an ordered 
pair (Q, /) where Q is a ring and f : R — > Q is a ring homomorphism such that 

(i) for all s £ S, f{s) is a unit in Q; 

and if (Q',f) is another pair satisfying the condition (i) then there is a unique ring ho- 
momorphism h : Q — > Q' such that f = hf. The ring Q is unique up to isomorphism. 
The ring Q is isomorphic to the left localization of the ring R/p(S) at the left denomina- 
tor set 7r(iS) € Den;(i?/p(5), 0) where the ideal p{S) of the ring R is defined in ill]) and 
ir:R^ R/p{S), a >-> a + p(S). 

In Section [4j we prove two-sided analogues of some of the results of Sections [2] and |3l In most 
cases the proofs are easy corollaries of the corresponding one-sided (i.e. left and right) results but 
there are some surprises. In particular, 

• (Theorem 14. 15j) Every (left and right) Ore set is localizable. 

Therefore we can localize at all the (left and right) Ore sets not just at the (left and right) 
denominator sets as in Ore's method of localization. 

• (Corollary 14. 16|) Let S be an Ore set in a ring R. Then there exists an ordered pair (Q,f) 
where Q is a ring and f : R — > Q is a ring homomorphism such that 

(i) for all s £ S, f{s) is a unit in Q; 

and if (Q',f) is another pair satisfying the condition (i) then there is a unique ring ho- 
momorphism h : Q —> Q' such that f = hf. The ring Q is unique up to isomor- 
phism. The ring Q is isomorphic to the localization of the ring R/p(S) at the denomi- 
nator set ir(S) £ Den(i?/p(S'), 0) where the ideal p(S) of the ring R is defined in \19\) and 
tt:R^ R/p{S), a ^a + p(S). 

In Section [5l the largest (left; right; left and right) and maximal (left; right; left and right) 
quotient rings are found for following rings: the endomorphism algebra End^(^) of an infinite 
dimensional vector space V with countable basis, semi-prime Goldie rings, the algebra Ii of poly- 
nomial integro-differential operators and Noetherian commutative rings. 

2 The largest left quotient ring of a ring 

In this section, existence of the largest left quotient ring of a ring is proved (Theorem 12. Proofs 
of Theorems 12.81 and 12.91 are given. 

The largest left quotient ring of a ring. Let R be a ring. A multiplicatively closed subset 
S of R (i.e. a multiplicative sub-semigroup of (R, •) such that 1 £ S and ^ S) is said to be a left 
Ore set if it satisfies the left Ore condition: for each r £ R and s £ S, Srf] Rs ^ 0. Let S be a 
(non-empty) multiplicatively closed subset of R, and let ass(5) := {r £ R \ sr = for some s £ S} 
(if, in addition, S is a left Ore set then ass(5) is an ideal of the ring R). Then a left quotient ring 
of R with respect to S (a left localization of R at S) is a ring Q together with a homomorphism 
ip : R — > Q such that 

(i) for all s £ S, <p(s) is a unit of Q, 

(ii) for all q £ Q, q = ^(s^VM f° r some r £ R, s £ S, and 

(iii) kei((p) = ass(S). 

If exists the ring Q is unique up to isomorphism, usually it is denoted by S~ 1 R. Recall that 
exists iff S is a left Ore set and the set S = {s + ass(5) € R/asa(S) s £ S} consists 
of regular elements ([5], 2.1.12). If the last two conditions are satisfied then S is called a left 
denominator set. Similarly, a right Ore set, the right Ore condition, the right denominator set and 
the right quotient ring RS~ X are defined. If both S~ 1 R and RS^ 1 exist then they are isomorphic 
([5], 2.1 .4. (ii)) - The left quotient ring of R with respect to the set Cr of all regular elements is 
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called the left quotient ring of R, if exists, it is denoted by Frac;(i?) or Q c i{R). Similarly, the right 
quotient ring, Frac r (i?) = Q r cl (R), is defined. If both left and right quotient rings of R exist then 
they are isomorphic and we write simply Frac(i?) or Q(R) in this case. 

Theorem 2.1 1. For each a £ Ass;(i?) 7 the set Den;(i?, a) is an ordered abelian semigroup 
(S1S2 — S2S1, and Si C S2 implies Si S3 C S2S3) where the product S1S2 — (Si,^) is the 
multiplicative subsemigroup of (R, •) generated by Si and S2. 

2. S a :— S a (R) := UseDcn,(_Ra) & * s ^ e l ar 9 es t element (w.r.t. C) in Den ; (_R, a). The set S a 
is called the largest left denominator set associated to a. 

3. Let Si £ Den/(i?, a), i £ I, where I is an arbitrary non-empty set. Then 

(Si\i€l):= |J Y[Sj eDcm(R,a) (1) 

0#JC/,|J|<oo jeJ 

the left denominator set generated by the left denominators sets Si, it is the least upper bound 
of the set {Si}i e i in Den;(i?, 0), i.e. (Si \i £ I) = \f ieI Si. 

Remark. Clearly, Si £2 = Si V S2, the join of Si and S2. 

Proof. 1. It remains to show that S1S2 £ Den/(i?, a), that is, S1S2 is a left Ore set in R with 
ass(S , iS , 2) = a and rs — where r £ R and s £ S implies tr = for some t £ S. To prove that 
the left Ore condition holds for the multiplicatively closed set S — S1S2 we have to show that, 
for each s £ S and a £ R, there exist elements t £ S and b £ R such that ta = bs. We use 
induction on the length l(s) = min{n \s — Si ■ ■ ■ s n where all Sj £ Si U S2} of the element s. If 
l(s) — 1, i.e. s £ Si U5*2, then the statement is obvious since Si and S2 are left Ore sets. Suppose 
that n := l(s) > 1, and the statement holds for n' < n. Fix a presentation s = si ■ ■ ■ s n -is n 
where all G Si U S*2. Then tia = bis n for some elements ti £ Si U S2 and bi £ R, and, by 
induction, t 2 bi = bsi ■ ■ ■ s„_i for some elements t 2 £ S and b £ R. Clearly, t = t^ti £ S and 
ta = t2(tia) = (t2bi)s n = bs, as required. 

Let us show that ass(S) = o. Clearly, ass(5iS l 2) 2 a. Let r G ass^iS^). Then sr = 
for some element s = Si ■ ■ ■ s m £ S where all s, G 5i U S2. Without loss of generality we may 
assume that s dd £ Si and s even £ S2. Then s 2 • • • Smi 1 G 0, and so there exists s' 2 £ S2 such that 
(s' 2 S2)sz ■ ■ ■ s m r — s 2 's 3 • • • s m r — where s' 2 ' — s 2 s 2 G ^2- By induction on m, we conclude that 
r £ a. Therefore, ass(<S) = a. 

Finally, suppose that rs = where r £ R and s £ S. We have to show that tr = for some 
t £ S. Fix a presentation s = Si . . . s n where Sj G S± U 5*2- Then = rs = rsi • • • s„ implies that 
tirsi • • • s n -i = for some ti £ Si Li S2 since 5i, S'2 G Den/(i?, a). Similarly, t2tirsi ■ ■ ■ s n - 2 = 
for some t 2 £ Si U S'2. Repeating the same argument several times we see that t n t n -i ■ ■ ■ tir = 
for some ti £ Si U S'2. Notice that t := t n t n -i ■ ■ • t\ £ S and tr = 0, as required. 

2. Let si,s 2 G S a . Then si £ Si and s 2 G S2 for some Si,S2 G Den;(i?, a), and so si,s 2 G 
S1S2 G Den/(i?, a), by statement 1. Therefore, S a £ Dcn;(i?, a), and so S a is the largest element 
in Dem(i?, a). 

3. Statement 3 follows from statement 1. □ 

Definition. For each ideal a G Ass;(i?), the ring Q a (R) := S~ 1 i? is called the largest left 
quotient ring associated to a. When a = 0, the ring Qi(R) := Q a (R) '■= S ~ 1 i? is called the largest 
left quotient ring of R and So = So(R) is called the largest left regular denominator set of R. 

The next obvious corollary shows that Qi (R) is a generalization of the classical left quotient 
ring Qd(R). 

Corollary 2.2 1. If the classical left quotient ring Q c i{R) '■= C^R exists then the set of regular 
elements Cr of the ring R is the largest left regular denominator set and Qi(R) — Q c i(R). 

2. Let Ri,...,R n be rings. Then Qi(U7 =1 Ri) - U7=i Ql(Ri)- 
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Proof. It is obvious. □ 

Question 2.3 Can a ring monomorphism f : A — > B be lifted (necessarily uniquely) to a ring 
monomorphism f : Qi(A) — > Qi{B)? 

In general, the answer is no. 

Proposition 2.4 (Corollary 9.9, [2]) Let K be a field of characteristic zero and A\ = K{x, 4z) be 
the ring of polynomial differential operators (the first Weyl algebra). Then the inclusion A\ — > Ii 
cannot be lifted neither to a ring homomorphism Frac(Ai) = Q\(A\) — > nor to Frac(Ai) = 

Qr(Ax) Q r (lt). 

Let (P, <) be a partially ordered set, a poset, for short (a < a for all a G P; a < b and b < a 
implies a = b; a < b and b < c implies a < c). For a subset S of P, an element x G P is called an 
upper bound (resp. a lower bound) if s < x (resp. s > x) for all s G S. The least upper bound for 
S is the least element in the the set of all upper bounds for S. Similarly, the greatest lower bound 
for S is defined. A lattice is a poset such that each pair x, y of elements of the set S has both the 
least upper bound x \/ y (called the join for x and y) and the greatest lower bound x f\y (called 
the meet of x and y) . It follows then by induction that every non-empty finite set of elements has 
the join and the meet. A lattice L is complete if every subset S of L has the least upper bound 
(the join of S) denoted sup(S') or VseS s an< ^ *he 9 rea t es t lower bound (the meet of S) denoted 
inf (S) or /\ seS s. In a complete lattice there exists the greatest element sup(i) denoted by 1, and 
the smallest element inf (L) denoted by 0. By definition, sup(0) = 0. Let (£, <) be a lattice and 
a,6 6 L with a < b. The set [a, b] {x G L \ a < x < b} is the interval between a and b. The 
interval [a, b) is a sublattice of L with inf ([a, b]) = a and sup([a, 6]) = 6. 

Corollary 2.5 T7ie abelian monoid Den;(_R, 0) is a complete lattice such that S1S2 = Si V Si and 
A ie /5' 4 = Vs eDeil! (ii,o),scn ie iS < ft where aU ft e Dem(i?,0). 

Proof. The largest and least elements of the poset Den;(i?,0) are Sq(R) and {1} respec- 
tively. Clearly, {1} is the identity element of the semigroup Den/(i?,0). By Theorem (3), each 
nonempty subset of Den;(i?, 0) has the least upper bound, hence Den;(_R, 0) is a complete lattice 
by Proposition 1.2, Sect. 3, [6 and f\ ieI Si = Vs , eDem(R,o),S , c:n <e iS« 

Si. □ 

Clearly, Si is the largest element of the set {S \ S G Den;(i?, 0), S C f] ieI Si}. 

Corollary 2.6 1. Let R be a ring. Each ring automorphism a G Aut(i?) of the ring R has the 
unique extension a G Aut(Q/(i?)) to an automorphism of the ring Qi(R) given by the rule 
a(s^ 1 r) — a(s)~ 1 a(r) where s G Sq(R) and r G R. 

2. The group Aut(i?) is a subgroup of the group Aut(Q;(i?)). Moreover, Aut(i?) = {t G 
Kut{Qi{R))\r{R) = R}. 

Proof. 1. By the uniqueness of the set Sq(R), o-(Sq(R)) — Sq(R) for all elements a G Aut(i?). 
Now, statement 1 follows from the universal property of the localization at Sq(R). 
2. Statement 2 follows from statement 1. □ 

For a ring R, let R* be its group of units and Inn(i?) := {co u \ u G R*} be the group of inner 
automorphisms of the ring R where uj u (r) = uru^ 1 is the inner automorphism determined by the 
element u. The next proposition is used in the proof of Theorem l2.8l 

Proposition 2.7 Let R be a ring, S G Den;(i?,0), and T G Den^S" 1 ^, 0); and so R C S~ 1 R C 
T^ 1 (S^ 1 R) are natural inclusions of rings. Then 

1. T- 1 {S- 1 R) = T^ 1 (S- 1 R) for some T x G Den^S^i?, 0) such that S, S"" 1 C T x ; m particu- 
lar, sTis^ 1 = T\ for all s G S. 
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2. If, in addition, S C T then TPiRe Den ; (i?, 0) and S C T n R. 

Proof. 1. For each s G S, T^iS^R) = w s (T- 1 (5 _1 ii)) = lj s (T)~ 1 (S~ 1 R) and w s (T) £ 
Den i (S , - 1 il ) 0). It suffices to take Ti := (5, S _1 ,u; s (T) | s G 5) in Dcn^S*- 1 ^, 0) since clearly 
S,^- 1 G Den; (5-^,0) and, for each non-empty finite subset J of S, (Yl seJ u} s (T))~ 1 (S^ x R) = 
T- 1 (S- 1 R). In more detail, 

T 1 ~ 1 (S- 1 R)= |J ([]^(r))- 1 (5- 1 i?)= (J T- 1 (S- 1 R)=T- 1 (S- 1 R). 

0#JC/,|J|<oo se.7 0#JC/,|J|<oo 

2. The set T" := T R i? is a multiplicatively closed subset of Cr that contains the set S. It 
remains to show that the left Ore condition holds for T 1 in R: for each elements t' G T 1 and r G R, 
Tr n itt' ^ 0. Since T G Den;^ 1 ^, 0), Tr R S^itt' ^ 0. Take an element, say u, from the 
intersection. The element u can be written in two different ways as follows 

ti ■ r = s% 7*2 i' 

for some sj" 1 ^ G T and s^ X T2 G S~ x R where si,S2 6 5 and t\,T% G i?. Clearly, t\ — s\ ■ ii G 
RC\T — T' (since S C.T), and sis^ 1 = Sg -1 ^ for some s% £ S and r3 G -R. Then the element 

S3*! • r = s 3 si ■ s^Hir = s^sis^r^t' = r 3 r 2 t' 

belongs to the intersection Tr R Rt' since s 3 t\ G T (since S C T) and r 3 r 2 G i?. □ 

The group of units Qi(R)* of Qi(R). For a ring i? and its largest left quotient ring Qi(R), 
Theorem 12.81 is used in the proof of Theorem 12.91 and gives an answers to the following natural 
questions: 

• What is S (Qi(R))? 

• What is S (Qi{R))nR? 

• What is the group Qi(R)* of units of the ring Qi(R) ? 

• Is the natural inclusion Qi{R) C Qi(Qi(R)) an equality? 
Theorem 2.8 1. S (Qi(R)) = Qi(R)* and S (Qi(R)) ClR = S (R). 

2. Qi(R)* = (Sq(R),So{R)~ 1 ), i-e. the group of units of the ring Qi{R) is generated by the 
sets S (R) and Sq(R)- 1 := {s" 1 1 s G S (R)}. 

3. Qi(R)* = {s-H\s,teS (R)}. 
I Qi{Qi{R)) = Qi{R). 

Proof 1-3. It is obvious that G := (S (R), So(R)- 1 ) C Qi{R)* C S {Qi{R))- Applying 
Proposition 12. 71 (2) in the situation where S = Sq(R) and T = Sq{Qi(R)) we see that 

S (R) C T' := So{Qi(R)) n R G Dc n/ (i?,0), 

and so Sq(R) = T' , by the maximality of Sq(R). Let q G Sq(Qi(R)). Then 5 = s _1 i for some 
elements s G S (R) and f = sq G S (Qi(R)) R i? = 5 (i?). Therefore, S (Qi(R)) C {s" 1 * | s,t G 
S'o(-R)} C G, and so G = Qj(i?)* = S (Qi{R)) = {s" 1 * | s, i G So(-R)}. This proves statements 
1-3. 

4. Statement 4 follows from statement 1. □ 

Necessary and sufficient conditions for Qi(R) to be a semi-simple ring. A ring Q is 
called a ring 0/ quotients if every element c G Cq is invertible. A subring R of a ring of quotients 
Q is called a Ze/i order in Q if Cr is a left Ore set and C~^ l R = Q. A ring R has finite left rank 
(i.e. finite left uniform dimension) if there arc no infinite direct sums of nonzero left ideals in R. 

The next theorem gives an answer to the question of when Qi (i?) is a semi-simple ring. 
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Theorem 2.9 The following properties of a ring R are equivalent. 
1. Qi(R) is a semi-simple ring. 

Qd(R) exists and is a semi-simple ring. 
3. R is a left order in a semi-simple ring. 

4-. R has finite left rank, satisfies the ascending chain condition on left annihilators and is a 
semi-prime ring. 

5. A left ideal of R is essential iff it contains a regular element. 

If one of the equivalent conditions hold then Sq(R) = Cr and Qi(R) = Q c i(R). 

Proof. Goldie's Theorem states that 2<^3«4«5. 

(3 ==> 1) If statement 3 holds then Qi(R) — C i? 1 i? is a semi-simple ring. 

(1 ==> 3) We have to show that Cr is a left Ore set since then Cr = So{R) and Qi(R) = Q c i{R) is 
a semi-simple ring. Notice that Sq(R) C Cr. Let q G Cr. Then the Q;(i?)-module monomorphism 
■q : Qi(R) — > Qi(R), x i-> xq, is an isomorphism, and its inverse is necessarily of the form -p for 
some element p G Qi(R). Clearly, pq = 1 and qp = 1, i.e. q G Qi(R)*. By Theorem 12.81 (3), 
q = a t for some elements s,t 6 So(R). We have to show that, for each q G Cr and r G R, there 
exists an element c G Cr such that crq" 1 — crt~ 1 s G R. Since t G Sq(R), there exists an element 
s% G Sq(R) such that sirt^ 1 G R. It suffices to take c = s\ since Sq(R) C Cr. □ 

The next corollary gives an interesting criterion of when the classical quotient ring Q c i (R) = 
C^R exists. 

Corollary 2.10 // the ring Qi{R) is a left artinian ring then Sq(R) = Cr and Q c i{R) = Qi(R)- 

Proof. Each left artinian ring is left Noetherian, hence the left Q;(i?)-module Qi(R) has finite 
length. Now, we can repeat the proof of the implication 1 =>- 3 of Theorem l2.9[ where, in fact, we 
only used the fact that the left Q;(_R)-module Qi(R) has finite length. □ 

Proposition 2.11 (Proposition 11.6, [B]; [1]) Let A be a subring of a ring B. If M is a finitely 
generated fiat A-module such that B ®a M is a projective B-module then M is a projective A- 
module. 

Corollary 2.12 // there exists a finitely generated flat R-module M which is not projective the 
the ring Qi(R) is not a semi-simple ring. 

Proof. If Qi{R) were a semi-simple ring then Qi(R)®rM would be a projective Qz(i?)-module, 
and so M would be a projective R- module, by Proposition 12 . 1 1] a contradiction. □ 

3 The maximal left quotient rings of a ring 

In this section, a new class of rings, the class of left localization maximal rings, is introduced. It 
is proved that, for an arbitrary ring R, the set of maximal elements of the poset (Den;(i?),C) 
is a non-empty set (Lemma I3.7I (2')'). and therefore the set of maximal left quotient rings of the 
ring R is a non-empty set. A criterion is given (Theorem 13 . 1 1[) for a left quotient ring of a ring 
to be a maximal left quotient ring of the ring. Many results on denominator sets are proved. In 
particular, for each denominator set S G Den;(i?, a), connections are established between the left 
denominator sets Den;(i?, o), Deni(R/a, 0) and Deiii(S~ 1 R, 0). 

Proposition 3.1 1. For each ring A G Locj(i?, a) where a G Ass;(i?), the set Den;(i?, a, A) := 
{S G Den;(i?, a) | S~ 1 R — A} is an ordered submonoid o/Den;(i?, a), and 
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2. S(R,a,A) := UseDen^ii a A) S * s ^ s l ar 9 e st element. In particular, Sq(R) = S(R,0,Qi(R)). 

3. Let Si G Den;(i?, a, A), i G I, inhere I is an arbitrary non-empty set. Then (Si | i G I) E 
Den;(i?, o, A) (see \13]) ). Moreover, (Si \ i £ I) is the least upper bound of the set in 
Den; (R, a, A) and in Den;(_R, a). 

Proof. 1. In view of Theorem 12.11 it suffices to show that if 5i,S*2 G Den;(i?, a, A) then 
5i5 2 G Den ; (i?,a,A), i.e. (SiSa) - ^ = A. By Theorem HU SiS 2 G Den;(i?,a). Notice that 
^4 = S± 1 R = S 2 ~ 1 R. For each s = si ■ ■ ■ s n G S1S2 where all Sj G Si U 5 2 , and, for each r E R, 

s-\ = s- 1 --- s^r es- 1 --- fa 1 A) Cs- 1 --- (s^ A) C • • • C A. 

Therefore, {S^^R = A. 

2. By TheoremO S(R, o, A) = {S\S G Den ; (_R, a, A)) G Den ; (i?,a); and a,A)~ 1 R = 
inj lim = inj lim A = A where the injective limit is over S G Den; (i?, o, A) . 

3. Repeat the proof of statement 2 replacing Den;(i?, a, A) by /. □ 

Lemma 3.2 1. Let S G Den;(i?, a), b be an ideal of the ring R such b C a, and tt : R —> R/b, 
a^a = a+b. Then tt(S) G Den;(i?/b, a/b) and S^R ~ 7r(5)- 1 (i?/b). 

2. Lei S±,S2 G Den;(i?) and Si C S%. Then 

(a) ai := ass(Si) C a 2 := ass(5 2 ); there is the R-ring homomorphism ip : Si l R — > S , 2 ~ 1 i?, 
s~ x a h-> s _1 a; and ker(y>) = 5f 1 (a 2 /ai). 

(fy) Let 7Ti : i? — s- R/ai, a 1— ^ a = a + 01, and S2 oe £/ie multiplicative submonoid of 
(5 ] ~ 1 (i?/ai), •) generated by 7Ti(5 2 ) and 7Ti(Si) _1 = {s _1 | s G Si}. TTien 7Ti(S 2 ), S 2 G 
Dcn z (5f X R,Si 1 (o 2 /oi)) and S^Sf ~ 7ri(5 a ) _1 (5f x i2) ~ S^i?. 

Proof. 1. Since 7r is an epimorphism and b C a, n(S) is a left Ore set in R/a. Clearly, 
a/b C ass(7r(S)). To prove that the inverse inclusion holds, let a G ass(7r(S)). Then = sa 
for some element s G tt(S). Then b := sa G b. Since b C a, we can find an element t E S 
such that i& = 0. Then (ts)a — 0, and so a G a. Therefore, ass(7r(5)) = a/b. To prove that 
tt(S) G Dcn;(i?/b), it remains us to show that as = 0, for some a G R/b and s G n(S), implies 
that t a = for some £ G S. Clearly, b := as G b C a, and so = si& = (si<x)s for some si G S. 
It follows that sia G a since 5 G Den;(i?, a). We can find an element s 2 G S such that s 2 Sia = 0. 
Therefore, n(S) G Den;(i?/b, a/b). It suffices to take t = s 2 si G 5. 

By the universal property of the ring S~ 1 R, there is the ring epimorphism 

S- l R -¥ vr(S*)- 1 (i?/b), «- 1 r ^ Tr(s)- X ir{r). 

By the universal property of the ring 7r(S) _1 (i?/b), there is the ring epimorphism Tr(S)~ 1 (R/b) — > 
S^R, t^s)- 1 ^) h> s-V. Therefore, S^i? ~ ti^S)- 1 (#/*>)• 

2a. The inclusion ai C o 2 is obvious. The image Si of the Ore set Si under the ring epi- 
morphism tt : R — > i?/a 2 is an Ore set in i?/a 2 since Si C S 2 and S 2 G Denj(i?, o 2 ). Therefore, 
each clement of the subring of 5 , 2 ~ 1 i? generated by n(R) and Si has the form 7r(s) _1 7r(r) for some 
s G Si and r E R. By the universal property of the ring S^i?, the map y> exists. An element 
s~ 1 r G S : [ 1 R, where s E Si and r E R, belongs to the kernel of <p iff s _1 r = in S^^^R iff tr = Q 
for some t G S* 2 iff r G a 2 . Therefore, ker(^) = S , 1 " 1 (a 2 /oi). 

2b. First, we prove that the set 7Ti(5 2 ) (resp. S2) is a left Ore set in i.e. we have to 

prove that for each element s 2 G 7Ti(S' 2 ) (resp. s 2 G S2) and s 1 _1 r G S' 1 _1 i? where si G Si and 
r E R, there exist elements £ G 7Ti(S r 2 ) (resp. t G S' 2 ) and a G such that ts^V = as 2 . In the 

ring S 2 ~ 1 R : the element s^fVs^ 1 can be written as s^Vi for some S3 G 5 2 and n G i?. In Si 1 R, 
b := s 3 s^ 1 r — ris 2 E kcr(Lp) = S' 1 " 1 (o 2 /ai), by statement 2(a). Therefore, there exists an element 
S4 G 5 2 such that S46 = 0, and so S4S3 • s 1 _1 r = S4r • s 2 . It suffices to take t — S4S3 G 7Ti(S' 2 ) C 5 2 
and a = S4r. 
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It is obvious that S-f^c^/ai) C ass^i^)) C ass^)- If u G ass(S < 2) then sit = for some 
s G S2. Then = <p(su) — <p(s)ip(u), and so u G ker((y9) = 5^ 1 (a 2 /ai) (by statement 2(a)) since 
(p(s) is a unit. Therefore, Sf^c^/cii) = ass^i^)) = ass^)- 

If vs = for some elements v G S± 1 R and s G 7ri(5' 2 ) (resp. s G 1S2). Then = (p(v)ip(s), and so 
i/3(u) G ker(y>) = S-f^c^/cii) since (p(s) is a unit. This proves that ^(S^) G Den;(5f S' _1 (o2/oi)) 
(resp. S 2 G Den^Sj-^.S'-^aa/ai))). Now, it is obvious that m(S i )- 1 (Si l R) - S 2 1r - 
S^(S^R). □ 

The set (Loc;(i?, a), — >) is a poset where A\ — >■ A2 if A\ = S^R and A2 — S 2 ~ 1 R for some 
denominator sets S±, S2 G Den;(i?, o) with Si C S2, and Ai — > A 2 is the inclusion map in Lemma 
0(2a). If (S[,S' 2 ) is another such a pair then, by Proposition 0(1), = Sf 1 ^ = S'^R = 
(SiS^^i? -> A 2 = S^R = S^R = {S 2 S' 2 )- 1 R; SiS[,S 2 S 2 G Dem(i?,a) with SiS[ C S 2 ^. 

In the same way, the poset (Loc;(-R), — >■) is defined, i.e. Ai —> A 2 if there exists Si,S2 G 
Dcn;(i?) such that Si C S 2 , ^1 = Sf 1 R and A2 = S^ l R, A± — > A2 stands for the map tp : 
S^R -> S^-R (LcmmaO(2a)). The map 

: Dcn ; (i?) ->• Loc ; (i?), S^S^R, (2) 

is an epimorphism of the posets (Den/(i?),C) and (Loc;(i?), — For each ideal a G Ass/(i?), it 
induces the epimorphism of posets (Den; (J?, a), C) and (Loc;(i?, a), — >), 

(•) _1 -R : Den ; (i?,o) -> Locj(ii,a), S^-S^R. (3) 
The sets Den;(i?) and Loc;(i?) are the disjoint unions 

Den,(iZ) = |J Den z (i?,a), Locj(i2) = |J Loc;(E,o). (4) 

aeAssj(_R) aeAss;(_R) 

For each ideal o G Ass/(i?), the set Den;(i?, a) is the disjoint union 

Den l (R,a))= \J Den ; (i?, a, A). (5) 

Aetoci(R,a)) 

Let LDen ; (i?, a) := {S(R, a,A)\Ae Loq(i?, a)}, see PropositionO(2). The map 

(•^i? : LDen ; (i?,a) -» Loc;(i?,a), S ^ S^R, (6) 
is an isomorphism of posets. 

For a left denominator set S G Den;(i?, a), there are natural ring homomorphisms 

R -> R/a -> S^R. 

Lemma l3~3"l and Proposition l3.4l cstablish connections between the left denominator sets Den;(i?, o), 
Dcn ; (i?/a,0) and Den^S" 1 ^, 0). 

Let S, T G Den;(i?). The denominator set T is called S- saturated if sr G T, for some s G S 
and r G R, then r G T, and if rV G T, for some s'eS and r' G i?, then r' G T. 

Lemma 3.3 Let S G Den ; (_R, a), 7r : R — !> i?/a, a i-> a + a, and cr : i? -> S _1 i? ; r n> r/1. 

L Let T G Deni(S r_1 ie ) 0) &e sucA that n(S), ^(S" 1 ) C T. JTiera T' := o^T) g Den ; (i?,a) 7 T' 
is S-saturated, T = { S -H' \s€S,t' G T'}, and S^i? C T'~ l R = T^R. 

2. ■K- 1 {S {R/a)) = S a (i?) ; tt(S«CR)) = S (i?/a)) and Q (i?) = S a {R)- x R = Q t (R/a). 
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Proof. 1. In the proof below we often identify the elements <r(s), s/1 and s in order to avoid 
cumbersome notation. By the very definition, T" is a multiplicatively closed set that contains S. 
To prove that T" is a left Ore set in R we have to show that, for any t' G T' and r E R, there 
exist elements ^ G T' and a <E R such that t' x r = at'. Since T G Dem(S _1 .R,0) and cr(t') G T, 
fo-(r) = s 1 " 1 riCT(t') for some elements i G T, Si G 5 and n G -R. The element i is equal to s 2 ^ 1 r 2 
for some elements s 2 G S and r 2 G -R. Clearly, r 2 G T' since n(S) C T and r 2 /l = s 2 t G T. Fix an 
element s 3 eS such that r 3 /l := sssis^ 1 G 7r(i?). Then r 3 G T' since 7r(S) ±:L C T. Multiplying 
the equality 

s 1 s^ 1 r 2 o-(r) = no-(t') 

by the element S3 on the left we obtain the equality r 3 r 2 o-(r) = Ssr\a(t') G 7r(_R). Hence s^r^r^-r = 
S4S3ri • t' for some element S4 G S. Now, take i' x := s^r^r 2 G T' and a := S4S3ri G -R. 

Since S C T', a C ass(T'). If #u = and w?7 = for some elements u,v G i? and #,77 G T" 
then = <t{6)cf(u) and = cr(v)cr(77) and so = er(u) = a{v) since the elements a(9) and (7(77) are 
units. Then, u, v G a. This proves that T" G Dcn;(_R, a). 

The denominator set T' is S-saturated since sr = t' G T' (resp. rs = t' G T') for some s G S 
and r G R implies r/1 = s" 1 *' G T (resp. r/1 = t's" 1 G T), and so r G T'. Since n(S) C T, 
T = {s" 1 *' s G S,i' G T'}. Then the inclusion and the equality, S^R C T'~ 1 R = T~ l R, are 
obvious. 

2. Let S' := ■K~ 1 {So{R/a)). Since the map 7r is surjective we have ir(S') = So(R/a). We aim 
to show that S' = S a (R). 

Step 1: S' G Orei(R). We have to show that for any s G S' and r G R there exist elements 
Si G 5' and ri G R such that Sir = ris. Since 7r(S") = S (R/a) G Orc ( (_R/o), we have 7r(s')7r(r) = 
7r(r')7r(s) for some elements s' G 5' and r' G i?. Then 7r(s'r — r's) = 0, and so s'r — r's G a, hence 
s"(s'r - r's) = for some s" G S. Note that tt(S) G Dcn ; (i?/o,0) hence n(S) C S (R/a), and so 
5 C 5'. Now, sir = ns where Si = s"s' G S' and n = s"r' G R. Therefore, S' G Ore;(i?). 

Step 2: ass(S') = a. Since S C 5', we have the inclusion a C ass(S'). Let r G ass(S'). Then 
s'r = for some s' G S', and so 7r(s')7r(r) = 0. It follows that 7r(r) = since 7r(s') G So(R/a), i.e. 
r G kcr(7r) = o. This means that ass(S') = o. 

Step 3: S' G Dcn;(i?, a). In view of Steps 1 and 2, we have to show that the equality rs' = 
for some elements r G R and s' G S' implies that s"r = for some s" G S' . Since 7r(r)7r(s') = 
and 7r(s') G So(R/<X) = tt(S') we have the equality 7r(r) = and so r G o. Then s"r = for some 
element s" G 5 C 5'. 

Step ^: 5' = S (i2). By Step 3, S"" 1 /? = 7r(S") _1 i2/a = S^R/a^R/a = Qi(R/a). No- 
tice that SaiR^R = 7r(S , a (i?))- 1 i?/a C Qi(R/a). Since ir(S a (R)) G Dcn z (i?/a, 0), we have 
7r(S n (i?)) C So Wo), hence S a (R) C i-^SbWa)) = S" C S a (fl), i.e. S" = S a (fl). □ 

For Si,S 2 G Den ( (i?) such that Si C S 2 , [Si,S 2 ] := {T G Den; (i?) | Si C T C S 2 } is an 
interval in the posed Den;(i?). If, in addition, Si, S 2 G Den;(i?, o) then [Si, S 2 ] C Den;(_R, a) since 
Si C S C S 2 implies a = ass(Si) C ass(S) C ass(S 2 ) = a, i.e. ass(S) = a. 

Proposition 3.4 Let S G Den ( (i?, a); it : R ->• R/a, a -> a = a + a; cr : R -> S _1 i?, r -> r/1; 
G := (7r(S), 7r(S) -1 } C (S _1 i?)* (i.e. G is t/ie subgroup of the group (S _1 i?)* of units of the ring 
S- X R generated by tt(S) ±1 J. 

1. ^[a-^SaCi^s-com-iSi G [ ( T- 1 (G),S a ( J R)]|a- 1 (G7r(Si))-Si}and[G,So(S- 1 J R)] := 
{T G Den^S- 1 ^^) |G C T C SoCS" 1 /?)}. T/ie« the map 

[a- 1 (G),S a (R)]s- COI n -> [G,S (S _1 i2)], Si Si := Gtt(Si), 

is an isomorphism of po sets and abelian monoids with the inverse map T i-> cr _1 (T) w/iere 
Gn(Si) is the multiplicative monoid generated by G and n(Si) in S~ 1 R. In particular, 

Gn(S a (R))=S a (S- 1 R), S a (R) = a" 1 (So(S- 1 ii)), S a {R)~ 1 R = Qi(R/a), 



11 



the monoid [a (G), S (iZ)]<j_ COIn * s a complete lattice (since [G,Sq(S 1 R)} is a complete 
lattice, as an interval of the complete lattice Den;(S _1 i?, 0), Corollary \2.5}) . and the map 
Si i— >• Si is a lattice isomorphism. 

2. Consider the interval [Gn(R/a), S (R/a)] in Den;(i?/a, 0). Let [Gn(R/a), S (i?/a)] G _ com := 
{T e [Gn(R/a), S (R/a)} \ GTn(R/a) = T}. Then [Gn(R/a), S (R/ a)] G - com C DemiS-'R, 0) 
and the map 

[G n (JZ/a), 5 (iZ/o)] G -com -»• [G, ^(S-^)], T h> GT, 

is an isomorphism of posets and abelian monoids with the inverse map T' M> X"[~l(i?/a) where 
GT is the product in Den;(S' _1 i?, 0). In particular, the monoid [G D (i?/a), So(-R/a)] G _ com 
is a complete lattice. 

3. The map 

[a~ (G), S a (R)]s-com [G n (R/a), So(R/a)] 

G— com? Si i — ^ Gtt(Si) n (iZ/a), 
is an isomorphism of posets and abelian monoids with the inverse map S' 7r (5"). 

Proof. 1. The equality cr _1 (G) = G is obvious. Then, by Lemma I3.2l f2).(b). the map 
<j> : Si iSx is well-defined. By Lemma [3.3l fl). the map ip : T ^ cr _1 (T) is well-defined and 
ct 1 ^) = T (i.e. 0V> = 1) since T = {s~H\s £ S,t £ cr" 1 ^)} (Lemma 0(1)) and G C T. 
By the very definition of the set [S, S a (i?)]s_ com , = 1> i-e. V = For au elements 

Si,S 2 G [S,S a {R)] s -com) 

Si f\S 2 = SiS 2 = Gtt(Si)t:(S 2 ) = G7r(Si)G7r(S 2 ) = SiS 2 = Si /\ S 2 , 

and so the map <f> is an isomorphism of posets and abelian monoids. Therefore, G~K{S a {R)) = 
So{S- x R) and S a (R) = o- 1 ^^- 1 ^)). Then, S^R^R = Qi(R/a), by Lemma GLl(l). The 
rest is obvious. 

2. Let 4> : T \-> GT and ip : T H- T n iZ where iZ := R/a. 

Step i: </> is well-defined. Since G £ Denj(5 -1 E, 0) and <p(T) = GT (the product in Dcn^S^iZ, 0)), 
we have to show that T G Den; (S _1 i?, 0). 

First, let us show that T G Orej(S _1 iZ), i.e. for each s~ 1 r G S _1 iZ (where s G S and r £ R) 
and t G T we have to show that tis -1 r = at for some elements t\ G T and a G S~ 1 R. Since 
T G Den/(i?, 0), tV = at for some t' £ T and a £ R. So, it suffices to take ti = i's (ti G T since 
tt(S) C T). 

Let us show that ass(T) = in S 1 R. Suppose that t ■ s 1 r = for some t G T, s G S 
and r £ R, we have to show that s _1 r = 0. There exist elements si G S and t 2 £ R such that 
sit = t 2 s, hence t 2 = sits -1 G R PI GT = T. Then = si • = sits _1 r = t 2 r, hence r = (since 
T G Den;(iZ, 0)), and so s _1 r = 0, as required. Therefore, ass(T) = in S _1 iZ. To finish the proof 
of Step 1, we have to prove that s~ 1 rt = for some s £ S, r £ R and t £ T implies s r = 0. 
This is obvious since s~Vt = implies rt = in R, hence r = since T £ Dcn;(iZ, 0), and so 
s"V = 0. Therefore, T £ Den J (S r-1 iJ,0) for all T £ [G n (iZ/tt), S (i?/a)] G _ com . In particular, 
[G n (iZ/a), S (i?/a)] G -com C Dem^iZ, 0). _ 

Step 2: V «s well-defined. Let T' G Den;(S _1 iZ, 0). We have to show that T := ROT' £ 
Den;(iZ, 0). It is obvious that asSj=r(T) = since ass-^-(T) C assg-ift(T') = 0. If rt — for some 
elements r G R and t £ T then r ' = since T C T', T £ Den^S^iZ, 0) and R C S _1 iZ. It 
remains to show that T G Ore/(iZ), that is, for any r £ R and t £ T, t\r = rit for some elements 
ri ER and t x G T. Since T CT' and T' G Den^S^-R, 0), t'r = s^ x r[t for some elements t' G T', 
si £ S and r[ £ R. Fix an element s 2 G S such that ti := s 2 sit' £ ~R. Then t x eEnf = T and 
tir = s 2 sit'r = s 2 sis^ 1 r' 1 t = s 2 r' 1 • t = rxt where ri := s 2 r' G R, as required. 

By the very definition of the set [G fl R, Sq(R)], ip<fi = 1- To finish the proof of statement 2 it 
remains to show that 1, i.e. G(RDT') = T for all T £ [G, Sq{S~ x R)\. Since G,~RC\T' C T', 

the inclusion T" := G(RDT') C T" is obvious. The reverse inclusion follows from the fact that 
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any element t' G T" can be written as s 1 t for some elements s G S C G and t G i?, hence 
f = s f g i? n V = T. 

3. Statement 3 follows from statements 1 and 2. □ 

The elements of the set [S, ft(i?)]s-com are called S-complete and the elements of the set 
[Gn (i?/a),So(i?/a)]G-com are called G- complete. 

Lemma 3.5 We keep the notation of Proposition \3^\ (1). If Si G [<7 _1 (G), ft(-R)]s-com then ft 
is S-saturated. 

Proof. Notice that a~ 1 (G) C ft C ft(.R) and ft = ^(G^ft )). If si := sr G ft (resp. 
si := rs G ft) for some elements s G S and r G i? then r/1 = s si G G7r(ft) (resp. r/1 = 
sis -1 G Git (Si)) hence r G <7 _1 (G7r(ft)) = ft, i.e. ft is ftsaturated. □ 

The maximal left quotient rings of a ring. 

Lemma 3.6 Let ft C ft C • - • C ft C • - • be an ascending chain in Dem(i?) ; := ass(ft), 
S := U<>i Then Hi C 02 C • • • C a; C • ■ ■ is the ascending chain in Assi(R), S G Den;(ft a) 
where a := (Ji>i a i> S^ 1 R = inj limft 1 /!! where ft x i? — > ft7 x i? —>■•••—>■ S^ 1 R (Lemma 
\KR(2a)). 

Proof. By Lemma I3.2l f2a). 5 G Dcn;(i?, a). For each number i = 1,2,..., define the ring 
homomorphism ^ : ft 1 -/? ->• ft 1 -/?, s~V H> s _1 r, and i/j : ft 1 -?? -> S^R, s~ x r H- s _1 r. Then 
</>i = <j)i+iVi for all i. Hence, there is the ring homomorphism : inj limft 1 ./? — > ft 1 ./? which is a 
surjection since S = |Jj>i ^« an( i nas kernel since a = U«>i a «j i- e - ^ 1S an isomorphism. □ 

Consider the poset (Den;(i?), C). For each element S G Dcn;(i?), let [5, •) := {S' G Dcn;(i?) | 5 C 
ft}. 

Lemma 3.7 1. For each element S G Den;(i?) ; there exists a maximal element in the poset 

Os,-),c). 

2. The set (max. Den; (R), C) 0/ maximal elements of the poset (Den;(i?), C) is a non-empty 
set. 

Proof. 1. Statement 1 follows from Lemma 13.61 and Zorn's Lemma. 

2. Statement 2 follows from statement 1 and the fact that the set max. Den; (R) is the set of 
maximal elements of the poset [{1}, •) = Den;(i?). □ 

Definition. An element S of the set max. Den; (R) is called a maximal left denominator set of 
R and the ring ft 1 -/? is called a maximal left quotient ring of R. The intersection 

l.lrad(-R) := f] ass(ft 

SGmax.Den ( (fl) 

is called the left localization radical of the ring R. 

Proposition 3.8 Let a G Ass; (./?), Q := Q a (R), Q* be the group of units of the ring Q and 
a : R — > Q a (R), r ^ j. Let T G Den;(Q, b) where b G Ass;(Q) and Q*T be the multiplicative 
sub-semigroup of (Q, ■) generated by Q* and T . Then 

1. Q*T G Den;(Q, b). 

2. If, in addition, Q* C T (eg, Q*T from statement 1) then 
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(a) T> := (J-^T) G Den/ (-R, 6') where W := a- l {b) 2 a, 5" (i?) C T' , T — QV(T') (i.e. 
i/ie monoid T is generated by Q* and cr(T') j and T'~ 1 R = T _1 Q (i.e. the natural ring 
monomorphism T'~ 1 R — > T~ 1 Q, t~ l r t— > t~ x r, is an isomorphism) . 

(b) S a {R) C S W (R) and S b ,{R) = ^(^(Q)). 

(cj Qt,>(R) = Qi(Q/b), i.e. the natural ring monomorphism Qb'(R) — > Qi(Q/b), t~ 1 r i— > 
t r, is an isomorphism. 

Proof. 1. Clearly, T := Q*T is a multiplicative monoid. We have to show that T G Den;(Q, b). 
An element s of T is a product s = g\t\qiti ■ ■ ■ q n t n for some elements qi G Q and ^ G T. 

Step 1: T G Orei(R). For any element s G T and a G Q, we have to find elements si G T and 
ai G Q such that sxa = ais. We use induction on n. When n = 1, i.e. s = cfrii, then Sxa = a't\ 
for some elements sx G T and a' G Q since T G Den;(Q, b). It suffices to take a\ = a'q^ 1 since 
s\a = (plq^ ) ■ q\t\ = aiq\t\. Suppose that n > 1 and the statement is true for all n' < n. Then 
s n a ~ a n q n t n for some elements s n G T and a n G Q. By induction, s' n a n — axgx^i ■ ■ ■ o„_ii„_i for 
some elements s' n G T and a\ G Q. It suffices to take s\ = s' n s n since then 

sia = s' n s n a = s' n a n q n t n = aiqih ■ ■ • q n -\t n -\q n t n = a\S. 

Step 2: ass(T) = b. We have to show that sa = for some a G Q implies a G b. We use induction 
on n. When n = 1, i.e. s = q\t\ then gitia = implies t\a = (since q\ is a unit), and so 
a G b since T G Dcn;(Q,b). Let rt > 1. Suppose that the result is true for all n' < n. Then 
= sa = q\ti ■ ■ ■ q n -it n -i ■ {qnt n a) implies (by induction) g n t n a G b, hence i n a G b since q n is a 
unit. Then t n+ it n a — for some element t n +i G T since T G Den;(Q, b), and finally a G b since 
t n +it n G -T. 

Siep 5: T G Dcn;(Q, b). We have to show that as = for some a € Q implies a G b. We 
use induction on n. When n = 1, i.e. agxii = 0, then agi G b since T G Den;(Q,b), and so 
a G b since gi is a unit. Let n > 1. Suppose that the result is true for all n' < n. Then 
= as = (aqiti) ■ (02^2 ■ ■ ■ qnt n ) implies (by induction) a\q\ti G b, hence t n+ \aqi G b for some 
element t n +i G T (since T G Den;(Q, b)), i.e. t n+ \a G b since gi is a unit. Therefore, there exists 
an element t n+ 2 G T such that t n+ 2t n +ia = 0. This means that a G b since t n+ 2t n +i G T G 
Don, (Q,b). 

2a. By the very definition, T" is a monoid and C b'. By Lemma T3.3l f2). Q a (R) = Qo(R/a), 
CT- 1 (5 (i?/a)) = S a {R) and a(S a (R)) = S Q (R/a). Therefore, S a (R) C T' since a(S a (R)) = 
S {R/a) C Q* C T. Since Q* C T, we have the equality T = Q*a(T'). Let us show that 
T G Den ; (i?,b'). 

iSfep i; T 1 G Ore;(i?). We have to show that for any elements r G R and t' G T" there exists 
elements t[ G T' and r% G i? such that f^r = rit'. Since T G Den;(Q, b) and cr(t') G T, we have 
the equality ter(r) = s _1 r2(r(t') in the ring Q for some elements t G T, s G So(R/a) and r2 G i?. 
Since Sq(R/o) C Q* and Q* C T (by the assumption), the product si G T. Fix an element 
Sx G So(R/a) C Q* C T such that sist = cr(t 2 ) for some element t' 2 G -R, necessarily G Then 
Sx = cr(s'x) f° r some element s'x G S a (R) since cr(S a (R)) = Sa(R/a). By multiplying the equality 
ta(r) = s~ 1 r2cr(t') by the element sis on the left, we obtain the equality 

a(t' 2 r - s'^t') = 0, 

i.e. a := t' 2 r — s'^t' G a. There exists an element S3 G S a (R) C T" such that S3« = 0, i.e. 
^3^2 ' r = s 3 s i r 2 • t' . Now, it suffices to take t[ := s^t' 2 G T" and r\ := S3Sxf2 G i?. 

Siep 2; ass(T') = b'. Let r G ass(T'), i.e. t'r = for some t' G T". Then <r(t)<r(r) = in Q, 
and so er(r) G b since a(t') G T. Hence r G b'. This means that ass(T') = b'. 

Step 3: T G Den ; (i?, b'). We have to show that if rt' = for some r G R and t' G T' then 
r G b'. Since a(r)a(t') — and a(t') G T, we have the inclusion a(r) G b, hence r G b'. 

Since cr(T') C T and ass(T') = b', there is the (natural) ring monomorphism 

T'^R^T^R, t'-V^t'-V, 
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where t' £ T' and r £ R. The monomorphism is, in fact, an isomorphism since T = Q*a(T') 1 
S a (R) C T and Q* = {a{s)- 1 a(t) | where s,t £ S a {R)} (by Lemma E3 (2) and Theorem ES[1- 
3)). ' 

2b. Let T and T" be as in statement 2a (it exists, by statement 1). By statement 2a, S a (R) C T' 
and T" G Denj(i2, b'). Clearly, T" C Sb'(R) since Sb'(R) is the largest element of the poset 
(Den ; (i?, b'),C). Therefore, 5„(i?) C SV(#). 

Let T = Sb(Q)- Then Q* C T by statement 1 and the maximality of Sb{Q). By statement 
2a, T' := a~ 1 (Sb(Q)) Q SV(i?). Consider the ring epimorphism n a : R — > i?/a, a h4 a + a. 
Notice that a C b'. Applying Lemma 13.21 (2) in the situation S a (R) C SV(i?), we see that 
7r a (SV(i?)) e Den ; (Q, b). Therefore, C T'. This proves that SV(-R) = T'. 

2c. Applying statement 2a in the situation T = Sb(Q) 12 Q* and using the fact that 
S b '(R) := a-^SbiQ)) = <J~HT), we see that Sb^R^R = Sb(Q)~ 1 Q, i.e. Q b >{R) = Qi(Q/b) 
since Qi{Q/b) = S b {Q)- x Q (by Lemma 0(2)). □ 

Let max.Ass;(i?) be the set of maximal elements of the poset (Ass; (R), C). It is a subset of 
the set 

ass. max. Den; (R) := {ass(5) | S £ max.Den;(i?)} (7) 

which is a non-empty set, by Lemma I3.7l f2). Let max.Loc;(i?) be the set of maximal elements of 
the poset (Loc; (R), — >). By the very definition of Loc;(i?) and by Lemma [313 (2), 

max.Loc ; (i?) = {S^R \ S £ max.Den ; (i?)} = {Q^R/a) \ a £ ass.max.Den ; (i?)}. (8) 

Definition. Each element of max.Loc; (R) is called a maximal left localization ring (or a maximal 
left quotient ring) of the ring R. 

Theorem 3.9 Let S £ max.Den;(i?) ; A = S~ 1 R, A* be the group of units of the ring A; a := 
ass(S'), n a : R —> R/a, a i— > a + a, and a a : R — >• A, r n> j. Then 

1. S = S a {R), S = n- l (S (R/a)), Tr a {S) = S Q (R/a) and A = SoiR/a^R/a = Qi(R/a). 

2. S„{A) = A* and S {A) n {R/a) = S a (R/a). 

3. S = a- 1 {A*). 

4- A* — (ir a (S),Tr a (S)~ 1 ) , i.e. the group of units of the ring A is generated by the sets n a (S) 
and-K- l {S) :={K a (s)- 1 \seS}. 

5. A* = {ir a {s)- 1 n a {t)\s,t£S}. 

6. Qi(A) = A and Assj(A) = {0}. In particular, if T £ Dem(A,0) then T C A* . 

Proof. 1. Since S = S a (R) (by Theorem 0(2)), statement 1 follows from Lemma ET51(2). 



2. S (A) ^ S Q (Qi(R/a)) Thn "^^ Qi(R/a)* n = x A* and S (A) n (R/a) s = S (Qi(R/a)) n 

Thn{5I5](l) 

(R/a) = S (R/a). 



3.S= S a (R) Prl # l(1) a-'(S (S a (R)-'R)) = tr" 1 W*))) Thm| i^ (1) ^(QKW) =' 

4. A* s ^ Qt(R/ay Thm P (3) (S (R/a),So(R/a)- 1 } s ^ (w a (S), ^(S)- 1 ). 

5. A* ^ QtiRfaf Thm P (3) {p-lg |p, g e 5o(i?/a)} = {^(a)- 1 ^*) | s,i 6 5} since 7r a (S) = 
Sq(R/o), by statement 1. 



6. Q,(A) s ^ Qi(Qi(R/a)) Thm ^ (4) Q«(*/a) s ^ A. Since S (A) s ^ S (Q,(fl/a)) Thm ^ (1) 
Qi(R/a)* ~ A*, T C A*. The fact that Assi(A) = {0} follows from Proposition HE (2) and the 
maximality of A. □ 

The next theorem is a criterion of when a ring A £ Loci(R, a) is equal to Q a (R). 
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Theorem 3.10 Let A G Loc ; (i?,o), i.e. A = S^R for some S G Den z (i?, a). Then A = Q a (R) 
iffQ t (A) = A. 

Proof. If A = Q a (R) then A = Qi{R/a), by Lemma [331(2), and so Q t {A) = Qi(Qi(R/a)) = 
Qi(R/a) = A, by Theorem EH (4). 

If A ^ Q a {R) then the monomorphism A — > Q a (R), a M> a, is not surjective. Let Si := S 
and S 2 := S a (R). Then Si C S* 2 and, by Lemma EH (2), Q a (i?) ~ Tr^Sa) -1 ^ 1 R) ~ ^(Sa^A 
where 7Ti : i? ->■ i?/a, a H» a + a. Therefore, A ^ Qi(A). □ 

Left localization maximal rings. We introduce a new class of rings, the left localization 
maximal rings, which turn out to be precisely the class of maximal left quotient rings of all rings. 
As a result, we have a characterization of the maximal left quotient rings of a ring fTheorem l3.HI) . 

Definition. A ring A is called a left localization maximal ring if A — Qi(A) and Ass;(A) = {0}. 
A ring A is called a right localization maximal ring if A = Q r {A) and Ass r (A) = {0}. A ring A 
which is a left and right localization maximal ring is called a left and right localization maximal 
ring (i.e. Qi{A) = A = Q r {A) and Ass;(A) = Ass r (A) = {0}). 

Example. Let A be a simple ring. Then Qi(A) is a left localization maximal ring and Q r {A) is 
a right localization maximal ring. 

Example. A division ring is a (left and right) localization maximal ring. More generally, a 
simple artinian algebra (i.e. the matrix algebra over a division ring) is a (left and right) localization 
maximal ring. 

The next theorem is a criterion of when a left quotient ring of a ring is a maximal left quotient 
ring of the ring. 

Theorem 3.11 Let a ring A be a left localization of a ring R, i.e. A G Loc;(i?, o) for some 
a G Assi(R). Then A G max.Loc;(i?) iffQi(A) — A and Assi(A) = {0}, i.e. A is a left localization 
maximal ring. 

Proof. (=*►) Theorem EH (6). 
(<=) Proposition EH □ 

The next corollary is a criterion of when S ai (R) C S a2 (R) where 01,02 G Ass; (R) . 

Corollary 3.12 Let 01,02 G Ass;(i?) and Oi : R — > Q ai (R), r M> r/1, for i = 1,2. Then 
S ai (R) C S a2 (R) iff 01 C o 2 and a 2 (S ai (R)) C Q a2 (R)* . 

Proof. (=*►) By LemmaE!l(2a), o x C o 2 and, by LemmaE21(2b), a 2 {S ai (R)) C Q a2 (R)*. 

(<=) Let := S ai (R) and Qi := Q ai (R) for i = 1,2. Let Q' be the subring of Q 2 generated 
by -R/02 and CT2(5i) ±1 . Since 5i G Den;(i?, 01), Oi C 02 and o- 2 (S\) C Q2, every element of Q' 
has the form ^(si)" 1 ^^ ) for some elements s\ G S*i and r € R. By the universal property 
of Qx = Si there exists a ring homomorphism Qi — > Q 2 and so we have the commutative 
diagram of ring homomorphisms: 

R ^i?/oi ^Qi 



R R/a 2 *- Q 2 . 

Since Si = cr~ 1 (Q*) for i = 1, 2 (Lemma l3~3"l f2) and Theorem l2.8p . using the commutative diagram 
we have the inclusion Si C S 2 . □ 
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Theorem 3.13 Let S G max.Den; (R) , A = S X R, a = ass(S) and a a : R ->• A, r i-» j. Then the 
following statements are equivalent. 

1. A is a semi-simple ring. 

2. Q c i(R/a) exists and is a semi-simple ring. 

If one of these conditions holds then A = Q c i(R) and S = a~ 1 (Q c i(R)*). 

Proof. 1. Since A = Qi(R/a) and S = a- 1 (A*), by Theorem [321(1,3), the results follow from 
Theorem HU □ 

The ideal p(S) and the set J t (R,S). 
Proposition 3.14 Let S\,S2 G Ore;(i?) be such that ai :— ass(Si) C a 2 := ass(S2). Then 

1. S1S2 £ Ore;(i?, a) such that 02 C a :— ass(5iS f 2) where S1S2 '■= (Si, S2) is the sub-semigroup 
of (R, ■) generated by S\ and S2. 

2. If, in addition, Si,S2,S £ Den;(i?) then for each 2 = 1,2 there is the ring homomorphism 
S^ X R -> S* -1 ^, s _1 r i-> s~ 1 r, with kernel S~ x a. 

Proof. 1. S'tep i: ^ S := (Si, S2). Suppose that G S, we seek a contradiction. Then 
siS2---s n — for some elements s,; G Si U S2 and n > 1. Clearly, n > 2. We may assume 
that n is the least possible. Then, by the minimality of n, either all s even 6 Si and s 0( id S S2 
or otherwise s even € S2 and s dd £ Si. If Si £ Si then S2 £ S2 and S2S3 ■ • ■ s n 6 ai C 112, 
hence (s' 2 s 2)s2 • • • s n = for some element s' 2 £ S2. This contradicts to the minimality of n since 
s 2 S2 £ S2. So, Si G S2. If s n £ Si then s[sxS2 ■ • ■ s n = for some element £ Si. This is not 
possible by the previous case. Therefore si, s„ £ S2. Then (s^si)s2 • • • s n -i = for some element 
s' n G S2. This contradicts to the minimality of n since s' n Si G S2. Therefore, g" S. 

Step 2: S E Orei(R). We have to show that for any elements s G S and r G i? there exist 
elements s' G S and r' £ R such that s'r — r's. To prove this we use induction on n where 
s = S1S2 • • ■ s„, Si G Si U S2. The result is obvious when n = 1 since Si, S2 G Ore;(i?). Suppose 
that n > 1 and the result is true for all n' < n. Fix t\ G Si U S2 such that t%r — r\s n for 
some element r% G R. By induction, ^2^1 = ^'si - ''Sn-i for some t2 G S and r' G i?. Then 
t2hr — t2r 1 s n — r'si ■ ■ ■ s n . It suffices to take s' = t^t\. By Step 2, a is an ideal of the ring R 
such that a ^ R, by Step 1. Clearly, 02 C a. 

2. Statement 2 follows from statement 1 and Lemma [3T2J (2a). □ 

In order to give an answer to the question of when an Ore set S of a ring is a denominator set 
or, more generally, when the image of S is a denominator set in a factor ring, we introduce the 
ideal p(S). 

Let W be the family of all ordinal numbers. For each left Ore set S G Ore;(i?), we attach the 
ideal of the ring R, 



where the ideals p a of the ring R are defined recursively as follows: pi := ass;(S, R) + ass r (S, R)R 
where ass;(S, R) := {r G R | sr = for some s = s(r) G S} and ass r (S, R) := {r £ R \ rs = 
for some s = s(r) G S}. Note that ass;(S, R) is an ideal of the ring R since S G Ore;(i?) and 
ass r (S, R) is a right ideal of the ring R. 




(9) 



Pa+1 ■= IT a 1 (&SSl(lT a (S),R/ p a ) + aSS r (7T Q .(S), R/p a ) ■ R/pa) 



(10) 



where 7r a : R — ¥ R/p a , a n> a + p Q . If a is a limit ordinal then 




(11) 



0<a 
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By the very definition, if a < f3 then p a < pp. In a similar fashion, for a right Ore set S £ Ore r (i?), 
we can define the ideal p(S) r . For each left Ore set S £ Ore;(i?), let 

J7i(i?, S) := {o | a is an ideal of R such that n a (S) £ Den;(i?/o, 0)} 

where ir a : R — > i?/a, a M> a + a. 

Theorem 3.15 Let 5 £ Ore z (i?) and a = ass(S). T/ien 

1. J l (R,S)^$iffp{S)^R. 

2. IfJi(R,S) 7^ £/ien p(S) is f/ie least (with respect to inclusion) element of Ji(R, S). 

3. If, in addition, S £ Den;(i?, a) then p{S) = a. 

4- If the ring R satisfies the ascending chain condition on annihilator right ideals then S £ 
Den;(i?, a) and p(S) = a. 

Proof. 1. Suppose that J t {R, S) ^ 0. Fix a £ Ji(R, S). Clearly, ass;(5, R), ass r (5, R) C a, 
hence pi Co. If p Q C o then p Q +i C a since sa, bt £ p a C o for some s,t £ S and a,b £ R implies 
a, 6 £ a. If a is a limit ordinal and pp C a for all /3 < a then p a = U/3< Q P^ — a - Therefore, 
p(5) C a, and so p(5) ^ R. 

(<=) Suppose that p := p(S) ^ R. We claim that n p (S) £ Den z (i?/p,0) where n p : R ->• R/p, 
a h-> a + a. If 7Tp(s)7r p (a) = and 7r p (&)7Tp(t) = in R/p for some elements s,t £ S and a,b £ R 
then sa, &t £ p = lJ QeW p Q , i.e. sa, £ p a for some ordinal number a. Therefore, a,b £ p Q +i £ p, 
i.e. 7T p (a) = 7T P (6) = 0. This proves that assi(n v (S), R/p) = and ass r (7Tp (<!?), R/p) = 0. To finish 
the proof of the fact that 7r p (5) £ Den;(i?/p, 0) we have to show that TTp(S) £ Ore/(i?/p), but his 
is obvious as epimorphisms respect left Ore sets provided their images are multiplicatively closed 
sets which is the case for n p (S) as p(S) ^ R. 

2. In statement 1 we proved that p(S) C a for all ideals o £ Ji(R, S) and p(S) £ Jl(R, S), i.e. 
p(S) is the least element of the poset (Ji(R, S),C). 

3. Statement 3 is obvious. 

4. By Lemma 1.1.2, [3], S £ Den;(i?, a) and so p(S) — a, by statement 3. □ 

Localizable left Ore sets, a slight generalization of Ore's method of localization. 

Definition. A left Ore set S £ Ore;(i?) is called localizable if there exists a ring homomorphism 
ip : R—> R' where R 1 is a ring such that, for all s £ S, ip(s) is a unit of the ring R' . The set of all 
localizable left Ore sets in R is denoted by orez(-R). By Theorem 13. 15[ 

ore z (i?) = {S £ Or ei (R) | p(S) / R}. (12) 

Corollary 3.16 Let S be a localizable left Ore set in a ring R. Then there exists an ordered pair 
(Q, f) where Q is a ring and f : R — > Q is a ring homomorphism such that 
(i) for all s £ S, f(s) is a unit in Q; 

and if (Q',f) is another pair satisfying the condition (i) then there is a unique ring homo- 
morphism h : Q — » Q' such that f = hf. The ring Q is unique up to isomorphism. The 
ring Q is isomorphic to the left localization of the ring R/p(S) at the left denominator set 
7r(5) £ Den;(_R/p(S'), 0) where the ideal p(S) of the ring R is defined in ill)) and ir : R — > R/p(S), 
a a + p(S). 

Proof. Recall that p(S) = \J a eW p a - By induction on a, all p Q C ker(/'). Therefore, p(S') C 
ker(/'). Notice that Q' ~ n a (S)~ 1 (R/a) for some a £ Ji{R,S). Let us identify this rings via 
the isomorphism above, then f'(R) — R/a. By Theorem 13.151 (2). p(S) C a, and so there is 
a natural ring homomorphism ip : R/p(S) — > n a (S)^ 1 (R/a) such that, for all s £ S, ip(s) is a 
unit. By the universal property of the ring 7r p (s) (S)~ 1 (R/p(S)) there is a unique homomorphism 
h : n p ( S - ) (S)~ 1 (R/p(S)) — > Q' such that /' = hf. This proves existence of the ring Q. It is unique 
up to isomorphism as it follows at once from the uniqueness of h. □ 
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The set LDen/(i?) := {S a (R) | a G Ass/(i?)} is the set of largest left denominator sets of the 
ring R. Let min.LDen; (R, a) and min.LoQ(-R, a) be the sets of minimal elements of the posets 
LDen;(i?, a) and Loc;(i?, o) respectively. 

4 The largest quotient ring of a ring 

In this section, the two-sided analogues of some results of Sections [5] and [3] are proved. The proofs 
are dropped in all cases where the two-sided analogues are direct corollaries of the one-sided results. 
In particular, it is proved existence of the largest quotient ring of a ring (Theorem 14. ip and that 
all Ore sets are localizable (Theorem 14. 15j) . The results of this section are used in Sectional 
Notation: 

• Ore(.R) := Orc ; (i?) n Ore r (i?) = {S \ S is a left and right Ore set in R}; 

• Den(i?) := Den;(i?) n Den r (i?) = {S | S is a left and right denominator set in R}. For each 
S G Den(ii), ass(S) := ass/(5) = ass r (S') is an ideal of the ring R where assi(S) := {r G 
R | sr — for some s — s(r) G S} and ass r (5) := {r € R \ rs = for some s = s(r) G S}; 

• Loc(R) := {S^R = RS' 1 \ S G Den(i?)}; 

• Ass(#) := {ass(S') | S G Den(i?)}; 

• Den(i?, o) := {S G Den(i?) | ass(S) = a} where a G Ass(-R); 

• S a = S a (R) is the largest element of the poset (Den(f?, a), C) and Q a {R) := S^^^R = RS~ X 
is the largest (two-sided) quotient ring associated to a, S a exists (Theorem 14. II (2)); 

• In particular, So — Sq(R) is the largest element of the poset (Den(i?,0), C) and Q(R) :— 
Sq 1 R = RSq is the largest (two-sided) quotient ring of R; 

• Loc(i?, a) := {S~ l R = RS- 1 \ S G Den(i?, a)}. 

Remark. Subscripts T and 'r' indicate that left and right versions of a definition/concept are 
considered respectively. 

The largest quotient ring of a ring. 

Theorem 4.1 1. For each a G Ass(i?), the set Den(_R, a) is an ordered abelian semigroup 
(S1S2 = S2S1, and Si C S2 implies S1S3 C S2S3) where the product S1S2 — (Si,^) is the 
multiplicative subsemigroup of (i?, •) generated by S\ and S2- 

2. S a := S a (R) := \J Se 

Dcn(_R.,a) & * s ^ e l ar 9 es t element (w.r.t. C) in Den(i?, a). The set S a is 
called the largest denominator set associated to a. 

3. Let Si G Den(i?, a), i&I, where I is an arbitrary non-empty set. Then 

(S t \iel):= (J Yl Sj G Den(i?, a) (13) 

0jtjci,\j\<oojeJ 

the denominator set generated by the denominators sets Si, it is the least upper bound of the 
set {Si} ie i in Den(i?, a), i.e. (Si \ i € I) = Vj e j 

In Section [SJ we will see that for the algebra l\ of polynomial integro-differential operators the 
set S'o(IIi) (resp. the ring Q(Ii)) is tiny comparing to the sets S^oOU) and 5 r ,o(Ii) (resp. to the 
rings Qi(h) and Q r (h))- 
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Corollary 4.2 The abelian monoid Den(_R, 0) is a complete lattice such that SxS% = S\\J S\ and 
Aiei S * = VseDen(i?,o),Scn ieJ S < ^ where all S t G Den(i?,0). 

Clearly, /\ ieI Si is the largest element of the set {S \ S G Den(i?, 0), S C Hie/ 

Corollary 4.3 Lei R be a ring. Each ring automorphism a G Aut(i?) o/ f/ie ring R has 

the unique extension a G Aut(Q(i?)) to an automorphism of the ring Q(R) given by the rule 
o{s~ l r) = o-{s)~ l o{r) where s G Sq(R) and r G R. 

2. The group Aut(i?) is a subgroup of the group Aut(Q(i?)). Moreover, Aut(i?) = {r G 
Aut(Q(i?)) | t(R) = R}. 

Theorem 4.4 1. S {Q{R)) = Q{R)* and S {Q{R)) HR= S (R). 

2. Q(R)* = (Sq(R), SoiR) -1 ), i.e. the group of units of the ring Q{R) is generated by the sets 
S (R) and SoiR)' 1 ~ {s' 1 \ s G S (R)}. 

3. Q(R)* = {s-H\s,te Sq(R)} = {to- 1 \s,t G S (R)}. 
I Q(Q(R)) = Q(R). 

Proof. 1-3. It is obvious that G := (S {R), So(-R) -1 ) C Q(i2)* C S (Q(R)). Applying 
Proposition 12.71 (2) and its right analogue in the situation where S = Sq(R) and T — Sq(Q(R)) 
we see that 

Sq(R) C T' := S (Q(R)) C\Re Dcn ; (i?,0) nDen r (i?,0), 

and so T" G Den(i?,0) and 5 (i?) = T', by the maximality of S Q (R). Let q G S Q (Q(R)). Then 
g = s _1 t = tis^ 1 for some elements s, si G Sq(R), t,ti <E R : t = sq G Sq(Q(R)) C\ R — Sq(R) 
and ii = qsi e S (Q{R)) n R = S Q (R). Therefore, S (Q(R)) C { S -4|M G Sb(-R)} C G and 
S (Q(R)) C {ts- x |s,t G 5 (i?)} C G, and so G = Q(i?)* = S (Q(R)) = {s~H\s,t G Sb(-R)} = 
{to -1 | s,i G 5o(JZ)}- This proves statements 1-3. 

4. Statement 4 follows from statement 1. □ 

Theorem 4.5 Let R be a ring and Cr be the set of regular elements of the ring R (i.e. the set of 
non-zero-divisors). Then the following statements are equivalent. 

1. Q(R) is a semi-simple ring. 

2. The rings Qi, c i{R) and Q r ,ci{R) exist and are semi-simple. 

3. The rings Qi(R) and Q r {R) are semi-simple. 

If one of the equivalent conditions holds then Sq(R) = Cr and Q(R) ~ Qi.ci(R) — Qr,ci(R) — 
Qi{R)~Q r {R). 

Proof. (1 3) Since Q(R) C Qi{R), Q(R) C Q r (R) and the ring Q(R) is a semi-simple, by 
Lemma l3.2l (2). the inclusions are, in fact, equalities (since the regular elements of any semi-simple 
ring are the units). Therefore, the rings Qi(R) and Q r (R) are semi-simple. 

(2 <4> 3) Statements 2 and 3 are equivalent, by Theorem 12.91 Moreover, Qi tC l(R) — Qr,d(R) — 
Qi(R) ~ Q r (R). 

(2 1) Recall that Qi tC l{R) = Cr X R and Q r ,ci(R) = RCr 1 where Cr is the set of regular ele- 
ments of the ring R. Since the rings Qi tC i(R) and Q r ,d(R) exist, they are i?-isomorphic. Therefore, 
So(R) — Cr and Q(R) ~ Qi,d(R) — Qr,ci(R)- in particular, Q(R) is a semi-simple ring. □ 

Proposition 4.6 If the ring Qi(R) is a left artinian ring and the ring Q r {R) is a right artinian 
ring then Sq(R) = Cr and Q(R) — Qi, c l(R) — Qr,cl(R) — Qi(R) — Qr(R)- 
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Proof. By Corollarydini Si, a (R) = C R and Qi, c i{R) - Qi(R)- By the right version of Corollary 
EEB S r . (R) = C R and Q r . cl {R) ~ Q r (iJ). Then S (R) = C R and Q(i?) ~ Qi, d (R) ~ Q r>c i(i2) ^ 
Q,(iZ) ~ Q r (iZ). □ 

The maximal quotients rings of a ring. 
Lemma 4.7 Let S G Den(i?, a), 7T : R — > R/a, a a + a, and a : R — > S~ 1 R, r i-» r/1. 

1. Let T G Den(S -1 .R, 0) be such that tt(S),7t(S- 1 ) C T. T/ien T' := cr -1 ^) G Den(i?, a), T' 
is S-saturated, T = {s~H' \seS,t' G T'} 7 and 5 _1 i2 C T'~ l R = T^R. 

2. ir-\S (R/a)) = S a {R), n{S a (R)) = S (R/a)) and Q a {R) = Q(R/a). 

Proposition 4.8 Let S G Den(i?, a); tt : R — > R/a, a ^ a = a + a; a : i? — s> S~ x R,r — > r/1; 
G := (7r(/S), ^(S 1 ) -1 ) C (S i?)* (i.e. G is £/ie subgroup of the group (S~ 1 R)* of units of the ring 
S~ X R generated by tt(5) ±1 ;. lei [cr" 1 ^), 5 a (i?)] := {S G Den(fl, a) | (7~ 1 (G) CSC 5„(i?)}. 

L Let [<7 -1 (G), Sa^Js-com := {Si G [a~ 1 (G),S a (R)] \ a' 1 (GTr(S 1 )) = Si} and [G, So(S _1 .R)] := 
{T G Den(S'- 1 i?, 0) | G C T C S , (S'" 1 J R)}. T/ien i/ie map 

[ff-^GO.SaWls-oam -> [G, 5o(5 _1 i?)], Si h> Si := G7r(5i), 

is an isomorphism of po sets and abelian monoids with the inverse map T i— > a (T) where 
Gw(Si) is the multiplicative monoid generated by G and tt(S'i) in S~ 1 R. Ln particular, 

Gn{S a (R)) = SoiS^R), S a (R) = ^(So^R)), 5 a (i?)" 1 i? ~ S^Rj^R ~ Q(i?/a), 

i/ie monoid [er _1 (G), S a (i?)]s_ com is a complete lattice (since [G, Sq(S~ 1 R)} is a complete 
lattice, as an interval of the complete lattice Den(S _1 i?, 0), Corollary and the map 

Si ^ S\ is a lattice isomorphism. 

2. Consider the interval [Gn(R/a), S (R/a)] in Den(R/a, 0). Let [Gn(R/a), S (R/a)] G - com := 
{T G [Gn(R/a), S (R/a)} \ GTn(R/a) = T}. Then [Gn(R/a), S Q (R/a)] G - com C Den(S'- 1 i?, 0) 
and i/ie map 

[G n (i?/a), 5 (i?/o)] G _ com -> [G, S'o(S , - 1 ii)] ) T h> GT, 

is an isomorphism of posets and abelian monoids with the inverse map T' h4 T'n(R/a) where 
GT is the product in Den(S _1 i?, 0). In particular, the monoid [G Pi (R/a), S'o(i?/a)]G_ com is 
a complete lattice. 

3. The map 

\<r-\G), S a (R)] S - com -> [G n (i?/a), S (i?/a)] G _ com , Si h> Gtt(Si) n (i?/a), 
is an isomorphism of posets and abelian monoids with the inverse map S' i— > 7r _1 (S'). 
Lemma 4.9 1. For each element S G Den(i?) ; there exists a maximal element in the poset 

2. T/ie set (max.Den(i?), C) o/ maximal elements of the poset (Den(i?), C) is a non-empty set. 

Definition. An element S of the set max.Den(i?) is called a maximal denominator set of i? and 
the ring S _1 i? = i?S _1 is called a maximal quotient ring of i?. 

Proposition 4.10 Let a G Ass(-R), Q := Q a (R), Q* be the group of units of the ring Q and 
a : R —¥ Q a (R), r 14 j. Let T G Den(Q, b) where b G Ass(Q) and Q*T be the multiplicative 
sub-semigroup of (Q, •) generated by Q* and T. Then 

1. Q*T G Den(Q,b). 



21 



2. If, in addition, Q* C T (eg, Q*T from statement 1) then 

(a) T := o~^(T) E Den(R,b') where b' := ^{b) D a, S a {R) C T, T = Q*a(T') (i.e. 
the monoid T is generated by Q* and er(T") ) and T'~ l R = T~ 1 Q (i.e. the natural ring 
monomorphism T'~ 1 R — > T^ 1 Q, t~ 1 r i— > t r, is an isomorphism) . 

(b) S a (R) C S b >(R) and S b >(R) = o- x (fifc(Q)). 

fc^ Qb'(R) = Q(Q a (R)/b), i.e. the natural ring monomorphism Qb>{R) — > Q(Q a (R)/b), 
r, is aw isomorphism. 

Let max.Ass(i?) be the set of maximal elements of the poset (Ass(i?), C), It is a subset of the 

set 

ass.max.Den(i?) := {ass(5) | S S max.Den(_R)} (14) 

which is a non-empty set, by Lemma 331 (2). Let max.Loc(i?) be the set of maximal elements of 
the poset (Loc(i?), — >). By the very definition of Loc(i?) and by Lemma T4. 71 (2). 

max.Loc(i?) = {S~ X R \ S E max.Dcn(i?)} = {Q(R/a) \ a 6 ass.max.Den(i?)}. (15) 

Definition. Each element of max.Loc(i?) is called a maximal localization ring (or a maximal 
quotient ring) of the ring R. 

Theorem 4.11 Let S G max.Den(i?) 7 A = S~ 1 R, A* be the group of units of the ring A; a := 
ass(S*) ; 7r : R — > R/a, a i— > a + a, and a a : R — ► A, r H> j. Then 

1. S= S a {R). S = n-^SoiR/a)), vr a (S*) = S (R/a) and A = S (i?/a)- 1 (#/a) = (R/^SoiR/a)- 1 = 
Q(R/a). 

2. S {A) = A* and S Q (A) n {R/a) = S (R/a). 

3. S = cr- 1 (A*). 

4-. A* = (ir a (S), 7r a (S') _1 ), i.e. the group of units of the ring A is generated by the sets ir a (S) 
andir-^S) := {ttJs)- 1 \s £ S}. 

5. A* = {n a (s)- 1 ir a (t)\s,teS}. 

6. Q(A) = A and Ass(A) = {0}. In particular, if T E Den(A, 0) then TEA*. 

The next theorem is a criterion of when a ring A G Loc(i?, a) is equal to Q a (R)- 

Theorem 4.12 Let A E Loc(i?, a), i.e. A = S~ 1 R for some S E Den(i?, a). Then A = Q a (R) iff 
Q(A) = A. 

Localization maximal rings. We introduce a new class of rings, the localization maximal 
rings, which turn out to be precisely the class of maximal quotient rings of all rings. As a result, 
we have a characterization of the maximal quotient rings of a ring (Theorem l4.13p . 

Definition. A ring A is called a localization maximal ring if A = Q(A) and Ass(A) = {0}. 
Clearly, a left and right localization maximal ring A (i.e. Qi(A) = A = Q r (A) and Ass(A) = 
Ass r (^4) = {0}) is a localization maximal but vice versa, in general, as the example of the algebra 
Ii shows (see Section [5] for details). 

The next theorem is a criterion of when a quotient ring of a ring is a maximal quotient ring of 
the ring. 

Theorem 4.13 Let a ring A be a localization of a ring R, i.e. A E Loc(i?, o) for some a E Ass(i?). 
Then A E max.Loc(i?) iff Q(A) — A and Ass(A) = {0}, i.e. A is a localization maximal ring. 
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The next corollary is a criterion of when S ai (R) C S a2 (R) where Oi, a 2 G Ass(i?). 

Corollary 4.14 Let oi, a 2 € Ass(-R) and cr; : i? -)• Q a% {R), r H> r/1, /or i = 1,2. T/ien 5 0l (ii) C 
5 a3 (i?) iffai C a 2 and o 2 {S ai (R)) C Q 02 (i?)*. 

Proof. (=>) By Lemma l3.2l (2a). ai C a 2 and, by Lemma 13.21 (2b) and its right analogue, 

a 2 (S ai (R))QQ« 2 (R)*. 

(<=) Let Si := S 0i (R) and Qi := Qa,{R) for i = 1,2. Let Q' be the subring of Q 2 generated by 
R/d2 and CT2(5i) ±1 . Since Si G Den(i?, m), 01 C a 2 and ^(Si) C Q|) every element of Q' has the 
form cr 2 (s) _1 CT 2 (r) = <T 2 (r')<7 2 (s') _1 for some elements s, s' G Si and r, r' £ i?. By the universal 
property of Q\ = Si 1 R = RS^ , there exists a ring homomorphism Qi — > Q 2 arid so we have the 
commutative diagram of ring homomorphisms: 

R *-iJ/oi *Qi 



R »- R/a 2 »- Q 2 ■ 

Since S 1 , — cr i " 1 (QT) for i = 1,2 (Lemma 1121(2)), we have the inclusion Si C S2. □ 

All Ore sets are localizable, a slight generalization of Ore's method of localization. 

Definition. An Ore set S € Ore(i?) is called localizable if there exists a ring homomorphism 
tp : R — » R' where R' is a ring such that, for all s E S, tp(s) is a unit of the ring R'. 

We will see that all Ore sets are localizable ( Theorem 14. 151 and Corollary 14. 16p . 

For each right Ore set S € Ore r (i?) of the ring R, let p(S) r ■— LLewPa be the right version 
of the ideal p(S)i defined in ([9]) where 

P' a +i : = K'- l {R/p a ■assi(ir' a (S),R/p a ) + ass r (ir' a (S),R/p a )), (16) 

n' a : R — > R/p' a , a t-t p' a . If a is a limit ordinal then 

P'a = (J *'<*■ 

For each Ore set S G Ore(R), let 

J(R, S) := {a I is an ideal of R such that n a (S) G Den(7?/a, 0)} 

where 7r a : R — >• R/a, a i-> a + a. It follows from © that the ideals p(S)i = {J aeW p a and 
p(S) r = UaewPa coincides since, for all a G W, 

P a =p' a - (18) 

Moreover, for all a G W, 

pa+i :== 1 (ass/ (ttq. (S), R/p a ) + ass r (7r Q (S),R/p a )) and p(S) = (J p Q . (19) 

Theorem 4.15 Let S e Orc(R) . Then 

1. J{R,S)^$. 

2. p(S) is the least (with respect to inclusion) element of J{R 1 S). 

3. Lf in addition, S G Den(i?, o) then p(S) = a. 
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Proof. The theorem follows at once from Theorem 13.151 and its analogue for the right Ore sets 
in R provided we show that p(S) ^ R. Suppose that p(S) = R, we seek a contradiction. Then 
p Q n S for some a. We can assume that a is the least possible. Then a is necessarily not a 
limit ordinal. Then G" 7r Q ,_i(S l ) since otherwise we would have p a -i H S ^ 0, a contradiction. 
Therefore, 7T a _i(S') G Ore(i?/p Q _i). Replacing R and S 1 by i?/p Q _i and 7r a _i(5) respectively we 
may assume that a = 1, i.e. s' G pi = assi(S,R) + ass r (S l , R) for some s' G S. Then a + 6 = s' 
for some elements a, 6 G i? such that sa = and bt = for some elements s, i G S*. Then 
S 3 ss't = s(a + b)t = 0, a contradiction. The proof of the theorem is complete. □ 

Corollary 4.16 Let S be an Ore set in a ring R. Then there exists an ordered pair (Q, f) where 
Q is a ring and f : R — > Q is a ring homomorphism such that 
(i) for all s G S, f(s) is a unit in Q; 

and if {Q 1 , /') is another pair satisfying the condition (i) then there is a unique ring homomor- 
phism h : Q — >• Q' such that f — hf . The ring Q is unique up to isomorphism. The ring Q is 
isomorphic to the localization of the ring R/p(S) at the denominator set n(S) G Den(i?/p(S'), 0) 
where the ideal p(S) of the ring R is defined in hi 9(1 and n : R — > R/p(S), a H» a + p(S). 

5 Examples 

In this section, the largest (left; right; left and right) quotient ring and the maximal (left; right; left 
and right) quotient rings are found for the following rings: the endomorphism algebra End^(l^) 
of an infinite dimensional vector space with countable basis, semi-prime Goldie rings, the algebra 
Ii of polynomial integro-differential operators, and Noetherian commutative rings. 

The endomorphism algebra EndA'(V^) of an infinite dimensional vector space V with 
countable basis. For a vector space V, let 

T = J-(V) := {ip G Endif (V) | dim K (ker(ip)) < oo, dinif^coker^)) < oo} 

be the set of Fredholm linear maps/operators in V. 

Lemma 5.1 Let V be an infinite dimensional vector space with countable basis and R := Endjf (V). 
Then 

1. Let ip G R and dim^-(im((^)) = oo. Then 

(a) atp/3 = 1 for some elements a and j3 of R (necessarily, a is a surjection and f3 is 
an injection). Moreover, a and (3 can be chosen to satisfy the following conditions: 
V = kcr(a) (J) im(ip) and V — kcr(<,5) (J) im(/3). 

(b) If ip is a surjection then ip/3 — 1 for some (necessarily, injective) map (3 G R that can 
be chosen to satisfy the equality V = ker(<£>) ® im(/3). 

(c) If p is an injection then cap = 1 for some (necessarily, surjective) map a G R which 
can be chosen to satisfy the equality V = ker(a) ® im(^>). 

2. The ideal of compact operators C := {(p G R \ dmiff (im(<y9)) < oo} is the only proper ideal of 
the ring R. 

3. Let tp G F(y) and c G R. Then 

(a) If ipc — then c G C. 

(b) If op = then c G C. 

4- Let ip G R. Then 

(a) ker(ip) ^0 iff tpc — for some element ^ c G C. 

(b) im(yj) ^ V iff ap = for some element O^ceC. 
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5. Let if G R. Then if is a right regular element in R (i.e. ifip = implies ip — 0) iff the map 
(f : V — > V is an injection. 

6. Let ip G R. Then if is a left regular element in R (i.e. ipip — implies ip = OJ iff the map 
f : V — > V is a surjection. 

7. Let f G R. Then f is a regular element of R iff if is a unit of R. So, Cr = Autjf(V) and 

Qci(R) = Qci,i(R) = Qci, r (R) = R- 

Proof. 1. This is obvious. 

2. Statement 2 follows from statement 1. 

3a. im(c) C ker(if), and so c G C. 

3b. ker(c) 3 im(if), and so dimx(im((^)) < dimx(coker((/j)) < oo, i.e. c G C. 

4. This is obvious. 

5. Statement 5 follows from statement 4a. 

6. Statement 6 follows from statement 4b. 

7. Statement 7 follows from statements 5 and 6. □ 

Theorem 5.2 Let V be an infinite dimensional vector space with countable basis and R := 
End K (V). Then 

1. Assi(R) = Ass r (i?) = Ass(.R) = {0,C}. 

2. Si, (R) = S r ,o( R ) = S o(R) = AutjtOO and Q t (R) = Q r (R) = Q(R) = R. 

3. Si fi (R) = S rfi {R) = S C {R) = T and Q lfi {R) = Q r ,ci.R) = Qc{R) - R/C. 
4- max.Ass/(i?) = max.Ass r (i?) = max.Ass(i?) = {C}. 

5. R/C is a localization maximal ring and a left (resp. right; left and right) localization maximal 
ring. 

Proof. 1. Statement 1 follows from statements 2 and 3. 

2. Statement 2 follows from Lemma T5. 11 (7). 

4. Statement 4 follows from statement 3. 

3. Let 7r : R — > R/C, a n- a + C. The ordered pair (R/C, it) satisfies the following conditions 

(i) for all s G T , n(s) is a unit; 

(ii) for all q G R/C, q = n(s)^ 1 ir(r) = 7r(ri)7r(si) _1 for some s, si G T and r, r\ G R; 

(iii) ker(-7r) = C and C = ass;(J r ) = ass r .(J 7 ), by Lemma l5TTl (3'). 

By Ore's Theorem, R/C = J-~ 1 R = RJ-^ 1 . To finish the proof of statement 3 it suffices to show 
that every regular element 7r(r) in R/C is invertible. Since 7r(r) regular in R/C, dini/f (ker(r)) < oo 
(suppose that dim^(ker(r)) = oo, we seek a contradiction. Fix a complement subspace U of ker(r) 
in V, i.e. V = ker(r) U. Let p be the projection onto ker(r). Then 7r(r)7r(p) = but ir(p) ^ 
since dim^ (ker(r)) = oo, a contradiction). 

Similarly, since 7r(r) is regular in R/C, dim^ (coker(r)) < oo (suppose that dimx (coker(r)) = 
oo, we seek a contradiction. Fix a complement subspace W of im(r) in V , i.e. V = im(r) W . Let 
q be the projection onto W . Then n(q)n(r) = but Tr(q) ^ since dim^ (W) = dim/<- (coker(r)) = 
oo, a contradiction). Therefore, r G T , and so n(r) is a unit. 

5. Statement 5 follows from statements 3 and 4, see Theorem 13. Ill □ 

Semi-prime Goldie rings. A ring R is called a left Goldie ring if R has finite left uniform 
dimension and R satisfies the a.c.c. on left annihilators. Similarly, a right Goldie ring is defined. 
A left and right Goldie ring is called a Goldie ring. The reader is referred to the books [3], [5j and 
[6] for more details. 

Lemma 5.3 Let R be a ring. 
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1. If S and T are left (resp. right; left and right) Ore sets in R then so is the semigroup ST 
generated by S and T in R provided ^ ST. 

2. If S £ Dcn(i?, a) and C £ Den(i?, 0) then CS £ Den(i?, a), i.e. the monoid CS generated by 
C and S in R is a denominator set with ass(CS') = a. 

Proof. 1. It suffices to prove statement 1, say, for left Ore sets S and T. We have to show 
that for elements sit\S2t2 • • ■ s n t n £ ST (where Si £ S and U £ T) and r G R there exist elements 
6 £ ST and r' £ R such that Or = r' s\t-y ■ ■ ■ s n t n . Since T is a left Ore set, there are elements 
t' n £ T and r' n £ R such that t' n r = r' n t n . Since S is a left Ore set, there are elements s' n G S 
and r" £ R such that s' n r' n = r"s n . Therefore, s' n t' n r = r!^s n t n . Repeating these two steps 
n — 1 more times we find elements s[, . . . , s' n _ 1 G S; t' l7 . . . ,t' n _ 1 G T and r'{ G R such that 
s 'l*'i ' • ' s 'n t 'n r = r"siti ■ ■ ■ s„t n . Now, set 6 := s'^i • • • s' n t' n G S and r' := r'{ £ R. 

2. Let us show that CS is a multiplicative set. Suppose that c\S\ ■ ■ ■ c n s n = for some elements 
Cj G C and s$ G 5, w6 S6ck ci contradiction. Th.cn siC2$2 * * * Cn^>n 

= since c\ is a regular element, 
and so C2S2 • • • c n s n s' n — for some element s' n £ S since S 1 G Den(i?, o). Repeating this argument 
several times we come to the situation where c's' = for some elements c' G C and s' G S, i.e. 
s' = (since c' is a regular element), a contradiction. 

By statement 1, CS is an Ore set in R. To finish the proof of statement 2 it suffices to show 
that ass(CS') = a, i.e. c\S\ ■ ■ ■ c n s n r = for some Ci £ C, Si £ S and r £ R, implies that r G a. 
The element ci is a regular element, hence s± ■ ■ ■ c n s n r = 0, and so C2S2 • • ■ CnSnrs^ = for some 
s[ £ S since S £ Den(_R, a). Repeating the same two steps n — 1 more times gives rs^s^ ■ ■ ■ s' n = 
for some elements G S, i.e. r G o. □ 

Corollary 5.4 Lei R be a prime Goldie ring and Cr be the set of regular elements of R. Then 
Ass(i?) = {0}, Sq(R) — Cr, Qo(R) = Qci(.R) is the only maximal localization of the ring R. 

Proof. Let o G Ass(i?) and S £ Den(i?,a). By Lemma E2(2), C R S C S a (R). Since Q c i{R) 
is a simple artinian ring (i.e. the matrix ring over a division ring), we see that a = 0, and so 
C R = S (R). □ 

Let R be a semi-prime Goldie ring which is not a prime ring and Cr be its set of regular 
elements. Let Min(i?) = {pi,...,p s } be the set of minimal primes of the ring R. By Goldie's 
Theorem, Q c i(R) '■— R ~ RCr 1 — IT;=i R ^ s ^ e direct product of simple artinian rings Rt 
(i.e. Ri is a matrix ring over a division ring). The ring R can be identified with its image under 
the ring monomorphism a : R — >• Q c i{R), r f-> r/1. For each i = 1, . . . , s, pi = a^ 1 '(nLy=i -^j) 
(Proposition 3.2.2, [5]). For each non-empty set / of the set {1, . . . , s}, let the ring homomorphism 
a 1 : R — > Rj := J\ ieI Ri be the composition of a and the projection Yl"=i Ri Ri- Let R* be 
the group of units of the ring Ri. Then Rj = J\ ieI R* is the group of units of the ring R]. A 
subset A of a set B is called a proper subset of B if A ^ 0, £?. 

Theorem 5.5 Lei R be a semi-prime Goldie ring which is not a prime ring and {pi, . . . , p s } be 

the set of its minimal prime ideals. Then 

1. Ass(R) := {a(I) := f] ieI Pi I § I Q {1, . . . , s}}. 

2. For each proper subset I o/{l, . . . , s}, S a m(R) — o~J 1 (RixRci) andQ a ^j){R) — Q c i{R)/Rci — 
Ri where CI := {l,...,s}\7. 

3. S Q {R) = C R C S a {R) for all a £ Ass(R). 

4- £>a(I)(R) Q S a (j)(R) iff I D J where I and J are proper subsets of {1, ... , s}. 

5. If I and J are proper subsets of {l,...,s} such that I D J then, by statement 4 and 
the universal property of localization, there is the unique ring homomorphism Q a (i)(R) = 
riiei Ri ~^ Qa(J)(R) — YijeJ w ^* c ^ * s necessarily the projection onto Yijej Rj * n Yiiei R- 
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6. max.Ass(P) = {pi, | i = 1, . . . , s}, {Qpi(R) = Ri\i = 1, ■ ■ ■ , s} is the set of maximal localiza- 
tions of the ring R and ass(Q Pi )(i?) = pi for all i = 1, . . . , s. 

Proof. 1-3. By Theorem|431 S (R) = C R and Q(R) = Q c i(R)- By LemmaEI(2), C R C S a (R) 
for all o 6 Ass(P) (and statement 3 follows), and there is a natural homomorphism Q c i{R) — > 
Q a (R), r M> r/1. By Lemma 15721 the ring Q a (R) is a localization of the ring Q c i(R)- Moreover, by 
Proposition l47T0l (2). the map Ass(P) — > Ass(Q c i(R)), a i— >• S x a, is a bijection with the inverse 
map 

bH>Pnb, (20) 

and the map 

{S a (R) | a e Ass(P)} -> {5 b (Qci(iJ)) I b € Ass(Q ci (P))}, S Rn6 (ft) >-> S b (Q c i(R)), 
is a bijection and 

Sflnb(i2)=^ b (Sb(Qrf(i2))) (21) 

where 

<Tflnb : P Qiinb(P) = S^nbCft"^ - S b (Q c i(R)y 1 Q c i(R). (22) 

Clearly, Ass(Q ci (P)) = AssflT^i ft) = {0} Uift, | ^ / g {1, . . • ,«}} and ft = Q cl (R)/R C i = 
Qr ci {Qci{R)) (by Theorem 14. 121 since every regular element of ft is a unit). Now, statement 1 
follows from (f20|) and the fact that pi = P f~l TT Pj. For every proper subset I of {1, . . . , s}, 
R C\ Ri = a(CI), a RnRl = aci and S Rj (Qa(R)) = R* CI x ft. Then, by CD, S RnRl (R) = 
<r R n Rl (SnAQcl(R))) = a c ){R* C i), and, by (22), Qc(c/)(ft = QiWft - (QdCftT'QcKft - 
ft;/- 

4. Statement 4 follows from statement 2. 

5. Statement 5 follows from statement 2. 

6. Statement 6 follows from statements 2, 4 and 5. □ 

The algebra Ij of polynomial integro-differential operators. Let us collect some facts 
for the algebra Ii which are used in the proofs of Theorem 15 . 71 and Proposition l5.8l For the details 
the reader is referred to [I] or [2] ■ Throughout, K is a field of characteristic zero and K* is its 
group of units; Pi := K[x] is a polynomial algebra in one variable x over K; d := Endif(Pi) is 
the algebra of all if -linear maps from Pi to Pi, and Aut^ (Pi) is its group of units (i.e. the group 
of all the invertible linear maps from Pi to Pi); the subalgebras A\ := K(x, d) and Ii := K(x, d, J) 
of End/<-(Pi) are called the (first) Weyl algebra and the algebra of polynomial integro-differential 

operators respectively where J : Pi — > Pi, p i— > J pdx, is the integration, i.e. J : x" h- > for 
all n € N. The algebra Ii is neither left nor right Noetherian and not a domain. Moreover, it 
contains infinite direct sums of nonzero left and right ideals, pQ. 

The algebra Ii is generated by the elements d, H := dx and J (since x = J H) that satisfy 
the defining relations (Proposition 2.2, [TJ): 

d[ = l, [ft /]= /, [H,d} = -d, H(l- [d) = (l- J d)H = 1- J d. 
The elements of the algebra Ii, 

d j - / d j+1 , i,j e N, (23) 

satisfy the relations eijeki = Sjkeu where Sjk is the Kronecker delta function. Notice that eij = 
f eood 1 . 

The algebra Ii = @ ie %^i,i is a Z-graded algebra (Ii^Ii.j C for all i,j £ Z) where 

A..T = /* A if i> 0, 

£>i if i = 0, (24) 

9l*lDi = D x dW if i < 0, 
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the algebra D\ := K[H] (J) ©igN Ken is a commutative non-Noetherian subalgebra of Ii, Hen = 
euH = (t + l)en for i G N (notice that (J) ieN Ken is the direct sum of non-zero ideals of Di); 
(f* Di) Dl ~ D x , J'(i4 d; Dl {Did l ) - Di, dd l i-» d, for all i > since d l f = 1. Notice that 
the maps •/* : Di -> Di/ 1 , i y d f, and &■ : D x -> ^Di, d H> d*d, have the same kernel 
0J=o /v ' • . • 

Each element a of the algebra Ii is the unique finite sum 

i>0 i>0 J 

where G K[H] and Ay G if. This is the canonical form of the polynomial integro-differcntial 
operator pQ. The algebra Ii has the only proper ideal F — ®ij e ^Keij ~ Moo (if) and i* 12 = F. 
The factor algebra ii/F is canonically isomorphic to the skew Laurent polynomial algebra B\ := 
KlHl&d-^r], t(H) = H+l, via d ^ d, j i-> 9" 1 , ii ^ H (where 9 ±1 a = r^a)^ 1 for all 
elements a G if [7?]). The algebra £>i is canonically isomorphic to the (left and right) localization 
Ai } g of the Weyl algebra A\ at the powers of the element d (notice that x = d _1 ii). Therefore, 
they have the common skew field of fractions, Frac(Ai) = Prac(Di), the first Weyl skew field. 

The algebra Ii admits the involution * over the field K: d* = J, J* =d and H* = H, i.e. it 
is a if-algebra anti-isomorphism {{ab)* = b*a*) such that a** — a. Therefore, the algebra Ii is 
self-dual, i.e. it is isomorphic to its opposite algebra As a result, the left and right properties 
of the algebra Ii are the same. Clearly, e*j — for all i,j G N, and so F* = F. 

The next theorem describes the one-sided largest quotient rings of the algebra Ii . 

Theorem 5.6 (Theorem 9.7, 0) 

1. SV.o(Ii) = Ii P| Au±k(K [x]) and the largest regular right quotient ring Q r (li) of Ii is the 
subalgebra of Endx(if [x]) generated by Ii and S^oOU) -1 ;= I s £ 5V,o(Ii)}- 

2. 5 Il0 (Ii) = S r . (Ii)* and Si fi (h) + S r . (Ii). 

3. The rings Q;(Ii) and Q r (Ii) are not isomorphic. 

The next theorem describes the (two-sided) largest quotient ring of the algebra Ei, it is tiny 
comparing with the one-sided largest quotient rings of the algebra Ii . 

Theorem 5.7 Let M := [K[H] + F) f| Aut K (K [x]). Then 

1. So(Ii) = ^,o(Ii) Pi ^r,o(Ii)j <So(Ii) is a proper subset of the sets Si$(J-i) and 5 r ,o(Ii), and 
So(Ii)* = ^(Ii) where * is the involution of the algebra 1%. 

2. 5;.o(li) Pi 5V,o(Ii) — M and M is the set of regular elements of the algebra K[H] + F. 

3. Let Mo := D 1 C\Aut K (K[x}). Then M C M, M = M (l + F)* = (1 + F)*M and 
M f\{l + F)* = (1 + F )* where F :=0 <eIf JTe«. 

4- Mq is the set of regular elements of the commutative (non-Noetherian) algebra D\; D\ = 
M (l + F )]\F Q = Mo U {0} + F Q , Qd(Di) := M„ 1 D 1 = X 1 X (1 + Fo)]jF = 

5. Q(Ii) = Soih)- 1 !! = Eiez Qci{Di)vi+F = E ieZ (^o 1 M ^Q})vi+F = E, eZ v l Q cl {D 1 )+ 
F = X^jgz Vi(M ~ 1 Mo U {0}) + F where Q c i{D\) is the classical ring of fractions of the com- 
mutative ring Di and 

rr m>i, 

Vi := < 1 if i = 0, 
[d w if,i<-l. 

6. Q{li) 5 Qi(Ii) and Q(Ii) g Q r (Ii). 
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Proof. 2. Recall that 5 r , (Ii) = Ii fl Aut K (K[x\) (Theorem 9.7.(2), [1]), S;, (Ii) = S r ,o(h.)* 
(Theorem 9.7.(3), [1]), and if a 6 h\F and a £ I a f| Aut K (F[:c]) then a £ Ei<o-°i^ + F 
(Theorem 6.2.(1), 0). Since = v—i and d* = d for all elements d £ Di, 

ft, (Ii)n^,o(Ii) = S lfl (Ii)f]S L o(Iir C(K[H}+F)f]Ant K (K[x}) 
C S, i0 (Ii) f) S;,o(Ii)* - ^,o(Ii) f) S r ,o(Ii) 

i.e. S lfi (h)f]SrAW=M. 

Let 7?. be the set of regular elements of the algebra K [H] + F. Clearly, M C 72. Let r £ 72. 
Then r g F. By Proposition 6.1.(1), 0, ind K[x] (r) = 0. Then, by Theorem 6.2.(3), [2J, r^j is 
a bijection iff rx\ x ] is an injection iff r^-u is a surjection where r^-^j : F[x] — > K[x], p H> rp. 
Therefore, to prove the equality M — 72 it suffices to show that Tjc[ x ] is an injection. Suppose 
that ker(r JS -[ a .]) ^ 0, we seek a contradiction. Since r F, by Lemma 6.10, [2], there exists 
an idempotent / £ F such that ker(r^M) = inx(fjc m). In particular, rf = but / 7^ 0, a 
contradiction. Therefore, A4 = 72. 

1. Since ^, (Ii) 7^ 5 n o(Ii) (Theorem 9.7.(3,4), 2 ), the set 5 (Ii) is a proper subset of the 
sets Sj,o(Hi) and 5 r ,o(Ii)- Clearly, 

S (h) C Al =5z, (Il)f| S r,0(Il) =5j,o(Il)f| 5 r,o(Il)* 

= (Si )0 (Ii) fl'MOT* = ^,0(11) fl^,o(Ii) = -M- 

We have used the fact that S^o^i) = 5y,o(Ii)* (Theorem 9.7.(3), 0). In view of statement 2 and 
the equality M* = M, to finish the proof of statement 1 it suffices to show that M is a left Ore 
set in Ii, that is, for any elements a £ Ii and w = a + U\ £ A4 where a £ F[iZ] and «i £ F, there 
exists an element b (£ M such that bau -1 £ (where the product bau^ 1 is taken in End^Ffx]), 
recall that Ii C Endi<-(F[x])). The element a is a sum ^"__„ otiVi + f for some natural number 
n where a, £ F[ii]. 

For all elements /3 £ if ^ = ViT*(fi) where r £ Ant K (K[H]) and r(/f) = 7J + 1. Notice 
that FM- 1 C F and a • w^ 1 = a(a + wi)" 1 £ (1 + F)* C Af. Let 6' := IlIL-n ^H- Then 

= &'( V a^w" 1 + /it" 1 ) = V a l v l — — cm -1 + b'fir 1 £ I u 

since £ F[ii], an' 1 £ Af and b 1 fu' 1 £ 6' -FAT 1 Cb'-FCF. Let 7 := {z £ N | 6*^ = 0}. 

Since ii * x % = (i + l)x l for all i £ N, we see that i={i£N|z + lisa root of the polynomial 
b' £ K[H}}. Then the element & := b' + J^iei e « e ^ and &aM_1 € Ii- 

3. Since Dx = K[H) + F C F[ii] + F, the inclusion Af C At follows. It is obvious that 
Ato 0(1 + F )* = (1 + ^b)*- To prove the equality A4 = A^l + F)* we have to show that each 
element u £ At is a product vw for some elements u £ Ato and w £ (1 + F)*. Notice that 
u — a + / for some elements a £ K[H] and / £ F. Choose an element, say <? £ F), such that 
v := a + ,g £ Alo (see the proof of statement 1). Then u = a + g + f — g = v(l + v~ 1 (f — g)) = vw 
where w := 1 + u _1 (/ - g) £ (1 + F)* since Af V C F. Therefore, X = Af (l + F)* . Then 
A1 = (1 + F)*Af since, for all elements s £ Mo, s(l + F)* S - 1 C (1 + F)*. 

4. Let 72 be the set of regular elements of the ring D±. Then Mo C 72. Let r £ 72, in order to 
prove that the inverse inclusion holds, Mo 2 72, we have to show that r £ Mo or, equivalently, 
that r £ Ant k(K[x]). Notice that K[x] — ieN Kx % is the direct sum of r-invariant subspaces, 
i.e. r * Kx % C iiTx 1 for all i £ N. If r ^ Aut^(F[x]) then r * Kx % — for some i, and so reu = 
since im(e^) = Kx z where en £ D\, a contradiction. Therefore, r £ Aut^(F[x]), and so Mo = 72. 

Clearly, D\ D Mo{t + F ) JJF . To prove that the reverse inclusion holds we have to show 
that every element d £ D\\Fq belongs to the set Mo(l + Fq). Notice that d — a + f for some 
elements O^aG K[H] and / £ Fq. Choose an element, say g £ Fq, such that u := a + g £ Mq. 
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Then d = a + g + f - g = u{l + u _1 (/ - g)) G -M (l + *b) since M^F C F . Therefore, 
£>! = 7W (1 + F ) TJ F , and so £>! = M U {0} + F . Then Mq x £>i = M^MQ + F)]JFq = 
M^ l M U {0} + F since A^Fo C F , 
5. By statements 3 and 4, for all i 6 Z, 

M- Y D lVl = M^il + FfDxVi =Xo 1 (l + F)*(X U{0} + F K; 
C (M^-Mo U {0} + F)«i C (Mq U {0})vi + F. 

Therefore, 

Soih)- 1 !! = M-H^^M^D^ + M^F = ^{Mv 1 M yj{V})v l + F 

iGZ ieZ 

= E(^^» u W + + F = 5Z<9d(AK + f 



Applying the involution * to the inclusion M 1 D\Vi C (M 1 Mq U {0})i>i + F and using the 
equalities M* = M, D\ = D x and v* — v_i we obtains the inclusion v^iDiM^ 1 C i>_j(A4 ~ 1 A / f U 
{0}) + F for all j e Z. Then 

IxSoOlir 1 = IiX" 1 = ^v l D 1 M- 1 +FM- 1 =^w 4 (M 1 X U{0}) + F 

zez iez 

= Y, ^(M^Mo U {0} + F) + F = Y ViQci(Di) + F. 

iez iez 



6. The inclusion Q(Ii) C (resp. Q(Ii) Q Q r (Ii)) is a proper inclusion by statement 5 and 

Theorem 9.7, [2]. Another way to prove this is as follows. Suppose that Q(Ii) = Qz(Ii), we seek a 
contradiction. The algebra Ii has the involution *, and so it is isomorphic to its opposite algebra 
of Ii. Therefore, Q(li) — but the rings Q;(Ii) and Q r (Ii) are not isomorphic, by Theorem 

9.7.(4), [2], a contradiction. □ 

Proposition 5.8 1. Ass/(Ii) = Ass,.(Ii) = Ass(Ii) = {0,F} and max.Ass/(Ii) = max.Ass r (Ii) = 
max.Ass(Ii) = {F}. 

2. Si tF (h) = S rtF (h) = S F (Ix) = h\F and Q LF (Ii) = QrAW = Qf(W = Frac(Bi) = 
Frac(Ai). 

3. max.Den;(Ii) = max.Den r (Ii) = max.Den(Ii) = {Ii\F}. 

Proof. 2. Let tt f : Ei ->• li/F = B x , a ^ a + F. Then Tr^Bi^O}) = Ii\F is a multiplicative 
set of the algebrali with ass;(Ii\F) = ass r (Ii\F) = F since for all i,j e N, d 1+1 eij — 0, e^- f +1 = 
and F = ©j j^Fe^ is the only proper ideal of the algebra Ei and the algebra Ii/F = B\ 
is a domain. Since B\ is a Noetherian domain and Frac(Ai) = Frac(Fi) = (Bi\{0}) _1 Bi = 
Bi(Bi\{0})~ 1 , we see that, by the universal property of localization, Frac(Ii) = (Ii\F) _1 Ii = 
^(IiyF)^ 1 and so Ii\F is a left and right denominators set of the algebra Ei with ass(Ii\F) = F. 
Now, statement 2 follows from Theorem 13. 91 (1). 

1. Statement 1 follows from statement 2. 

3. Statement 3 follows from statements 1 and 2. □ 



Noetherian commutative rings. 

Example. If R is a commutative ring with a single minimal prime ideal p (eg, R is a commutative 
domain) then Ass(F) = {0}, Sq(R) — R\p and Q(R) = Rp, the localization of the ring R at the 
prime ideal p. 

Lemma 5.9 Let R be a commutative ring, Cr be its set of regular elements and S £E Ore(F). 
Then 
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1. p(S) = ass(S*). 

2. C R S G Den(i?,ass(5)). 

Proof. 1. The equality follows from the definition of the ideal p(S), see (fT8|) and (|T9|) . 
2. Obvious. □ 

Let i? be a Noetherian commutative ring and Min(i?) = {pi, . . . ,p s } be its set of minimal 
primes with s > 2. Then Sq — Sq(R) — R\ Ui=i Pi is * ne se t °f regular elements of the ring i? (i.e. 
the set of non-zero-divisors of R) and Sq^^R ~ rii=i i s ^ ne direct product of local commutative 
artinian rings (Ri,m,i) where trti is the maximal ideal of the ring Ri = R Pi , the localization of 
the ring R at pi. For each non-empty subset / of the set {1, . . . , s}, let the ring homomorphism 
a i : R — > Ri := J^gj Ri be the composition of the ring monomorphism a : R — > Sq R, r M> r/1 
and the projection S ~ 1 R — > i?/. The group of units i?J of the ring Rj is equal to Yiiel Ri wnere 
R* = Ri\mi is the group of units of the ring Ri. For each number i = 1, . . . , s, p'j := ra, x Yij^i Rj 
is an ideal of the ring S ~ 1 R. Then p" := a^ 1 (p' i ) is an ideal of the ring R. 

Proposition 5.10 Let R be a Noetherian commutative ring, {pi, . . . , p s } be the set of its minimal 
prime ideals, s > 2 and {p'{, . . . , p"} be as above. Then 

1. Ass(i?) := {0} U{a(/) := Pi\^^{l,..., s}}. 

2. For each proper subset I of {1, . . . , s}, S l a (/)(i?) = aJ 1 (RjXRci) = R\ (JieJ Pi an( ^ Qa{i)(R) — 
i?/ where CI := {l,...,s}\I. 

3. Sa(R) = R\\JUi Pi ^ S'oC-R) for all a G Ass(i?). 

^- £>a(i){R) !== Sa(i){R) iff I ^ J where I and J are proper subsets of {1, . . . , s}. 

5. J/ J and J are proper subsets of {l,...,s} smc/i £/ia£ I 71 J then, by statement 4 and 
the universal property of localization, there is the unique ring homomorphism Q a (/) (R) = 
Yiiei R J ~^ Qa(J)(R) — Iljej Rj w hich is necessarily the projection onto Yijej Rj * n Yiiei Ri' 

6. max.Ass(i?) = {p", \ i = l,...,s}, {Q V >/(R) — Rp t \i = l,...,s} is the set of maximal 
localizations of the ring R. 

Proof. 1-3. Clearly, So := So{R) — Cr where Cr — R\Vfi=i Pi IS trie set 01 regular elements 
of the ring R. By Lemma [5.9l f2). So Q S a (R) for all o G Ass(-R) and statement 3 follows. We 
identify the ring R with its image under the ring monomorphisms R — > S ~ 1 R = Y[i=i Ri: r l— ^ r j\. 
By statement 3 and Proposition 13.81 (2). the map Ass(i?) -> Ass(5 , " 1 i?), S 1 a, is a bijection 
with the inverse map 

b^RHb, (26) 

and the map 

{S a (R) | a G Ass(i?)} -> {^(S-q- 1 ^) | b G Ass^i?)}, S Rnb (R) >-> StiS^R), 
is a bijection and 

S Bni (R) = a^ b (S i (So 1 l£)) (27) 

where 

o~Rnb '■ R Qii.nb(R) = Sank (R) 1 R~St,(S Q 1 R) 1 S 1 R. (28) 

Cfawra: Ass(% 1 i?) = {0}|J{-Rr | g i" £ {1, . . . ,s}}. Let 72 be the RHS of the equality. Then 
Ass(S ~ 1 R) 2 72. since i?/ = ass(cr ( ^] : (i?g. J )) where CI is the complement of the proper set I in 
{l,...,s}. To prove that the reverse inclusion holds, i.e. Ass(S ~ 1 R) C 72., we have to show 
that, for each multiplicatively closed subset S of S ~ 1 R that does not entirely consists of non-zero- 
divisors, ass(iS) = Ri for some proper subset I of {1, . . . , s}. For each element r £ R, the subset 
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of {1, . . . , s}, supp(r) := {i | 7T;(r) £ R* and i £ {1, . . . , s}} is called the support of the element r 
where 7T, : R — > Sq X R = Rj ~> Ri- For all elements s,t € S, supp(st) = supp(s) PI supp(i). 

Let supp(S') := p| sg5 supp(s). Clearly, there exists an element, say s G S, such that supp(s) = 
Supp(S') (eg, s is the product of all elements of S with all possible distinct supports). Replacing s 
with s n for some natural number we may additionally assume that TVi(s) = for all elements j $ I 
(take n such that m™ = for all i = 1, . . . , s). Then clearly ass(S) = ass({s l }i £ N) = Rcsupp(S)- 
This finishes the proof of the Claim. 

Statement 1 follows from the Claim and (126ft . For every proper subset I of {1, . . . , s}, RDRi = 
a(CI), U! = a RnRci and Sr^S^R) = R* CI xRj. Then, by (23), S RnRl (R) = ^^(Sr^S^R)) = 
<7 C ){R* CI x Rr) and, by (gg), QRnRj(R) ^ 5 Hj (S^iZ)" 1 ^ 1 ^ ~ i? C J- To finish the proof of 
statement 2 it remains to show that SnnRi(R) = R\{JieiPi f° r eacn proper subset I of the 
set {l,...,s}. An element s E R belongs to the set S a (ci) — SRnRi{R) = a c\^*ci x ^) ^ 
a(r) £ R* CI x iff sg\J ieCI pi iff s e i?\U e c/P- 

4. Statement 4 follows from statement 2. 

5. Statement 5 follows from statement 2. 

6. Statement 6 follows from statements 2, 4 and 5. □ 
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